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PREFACE

This documentation describes the two-level Mintz-Arakawa atmo-
spheric general circulation mode] developed by Professors Mintz and
Arakawa of the Department of Meteorology, Universiry of California,
Los Angeles. This is the first of a series of numerical models of
the global circulation being used at Rand in a research Program on
the dynamics of climate, Through the selective alteration of the
model's initial and boundary conditions, and of the model's physicai
and numerical treatment of atmospheric Processes, it is planned that
the sensitivity and response of the world's climates to either de-
liberate or inadvertent modification be explored. It is the pPurpose
of the present documentation to facilitate those modifications of
the model that may be required to simulate such climatic effects.
This model, which was developed at UCLA with the Support of the Na-
tional Science Foundation, is undergoing continuing development,
Particularly with respect to the Parameterization of convective heat-
ing and radiative transfer. The numerical solutionsg shown in this
report are for illustrative purposes only and should not be used to
Judge the model's ability to simulate climate. Although every ef-
fort has been made to ensure the accuracy of the model description
used here, the responsibility for any errors or misrepresentations

rests solely with the authors,

atic exploration of the Structurs and stability of the earth's clji-
mate. Meteorological Studies suggest that technologically feasible
operations might trigger substantial changes in the climate over broad
regions of the globe. Depending on their character, location, and
scale, these changes might be both deleterious and irreversible. 1If
such perturbations were to occur, the results might be seriously
detrimental to the welfare of this country. So that we may react
ra’ionally and effectively to any such occurrences, it ig essential

that we: (1) evaluate all consequences of a variety of possible
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occurrences that might modify the climate, (2) detect tvends in the
global circulation that Presage changes in the climate, either natural
or artificial, and (3) determine, if possible, means to counter
potentially deleterious climatic changes. Our possession of this
knowledge would make incautious experimentation unnecessary. The
Present Report is a technical contribution to this larger study of the

effects on climate of environmental perturbations.
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SUMMARY

In this documentation the physical bases of the Mintz-Arakawa
two-level atmospheric model are summarized, and the numerical pro-
cedures and computer program for its execution are presented in de-
tail. The physics of the model is summarized, with particular at-
tention given to the treatment of the moisture and heat sources,
including the parameterization of convective processes, cloudiness,
and radiation. The numerical approximations and finite-difference
equations used in the model's numerical simulations are also given.
Throughout the documentation the emphasis is on the specific details
of the model in its present form, rather than on the derivation or
Justification of its present design.

To facilitate the use of this model, a complete listing of the
code as written in FORTRAN language is given, together with a de-
scription of all constants and parameters used. A complete dictio-
nary of FORTRAN variables, a dictionary of principal physical fea-
tures, and a complete list of symbols are presented. To illustrate
the model's performance, samples of its solutions for selected vari-

ables at a specific time are also given.
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I. INTRODUCTION

One of the more widely known numerical models of the global at-
mospheric general circulation is that develobed by Professors Mintz
and Arakawa at the Department of Meteorology, UCLA. First formulated
in the early 1960s, this model has undergone a series of modifications
and improvements, ard has been used in a number of simulations of the
global climate and in tests of atmospheric predictability. Although
it addresses the primary dynamical and thermal variables at only two
tropospheric levels, the model is relatively sophisticated in its
treatment of the physics of large-scale atmospheric motion, and the
method of numerical solution is relatively complex.

It is the purpose of this Report to describe the model from a
user's viewpoint, in order to facilitate its actual use in a program
of climatic simulation. Although some description of the model's ba-
sic equations is necessary, it is not our present purpose to present
their derivation nor to discuss the justification of the model's many
physical parameterizations and numerical procedures. Instead, we have
attempted to set forth several aspects of the model: its physical ba-
sis, 1ts numerical formulation and solution, its computer code, and
its typical results. These aspects are related to one another by the
provision of a dictionary of selected terms and a list of physical and
FORTRAN symbols. The description of the model's physics, given in
Chapter II, is intended to present the basic differential equations
and physical constants; the corresponding difference equations and
other numerical approximations used in the program are presented in
Chapter III. This is followed by a summary of the program's operating
characteristics in Chapter IV, together with some typical results for
selected variables, and by Chapter V, which presents a physics dic-
tionary giving a brief summary of the treatment of certain variables
and effects. As a supplement to the preceding chapters, a comprehen-
sive list of symbols is given in Chapter VI. Finally, the model's
integration and output map-routine codes as written in FORTRAN are
presented in exrtengo in Chapter VII, followed by a FORTRAN dictionary
in Chapter VIII, whose purpose is to permit ready interpretation of
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specific portions of the pregram. It is hoped that this documentation
will answer the question, "Just how are the circulation simulations
nade?"

A previous description of the model (in oie of its earlier ver-
sions) was given by Mintz (1965. 1968), and has been supplemented by
Arakawa (1970). Further details of the treatment of convection and
radiation were given by Arakawa, Katayama, and Mintz (1969). An ex-
tended description of the basic rodel and the computational procedures
used was prepared by Langlois and Kwok (1969). This latter puclica-~
tion has been of pariicular use in the preparation of the present doc-
umentation, although the present version of the model differs slightly
from the version described by them. In one form or another the Mintz-
Arakawa two-level model was applied to the estimation of atmospheric
predictability by Charney (1966) and Jastrow and Halem (1970), and was
applied to the simulation of the circulation of the Martian atmosphere
by Leovy and Mintz (1969). The present version of the model is being
used in a program of experimentati~n on the dynamics of climate at Rand,

and will form the basis of future model changes and extensions.



I1. MODEL DESCRIPTION -- PHYSICS

In this chapter the physical and dynamical basis of the Mintz-
Arakawa two-level gereral circulation model is presented, together with
a summary of the basic differential e~uations and boundary conditions.
Particular attention has been given to the preparation of a summary of
the various physical approximations in the model's treatment of rudia-

tion, moisture, and convection.

A. NOTATION AND VERTICAL LAYERING

In the first instance the present model is for the troposphere
onlyr, and divides the atmosphere beneath an assumed isobaric tropopause
into two layers, as sketched in Fig. 2.1. At the center of each layer
are the reference levels (1 and 3) at which the basic variables of the
model are carried. At the interface between the layers (level 2), as
well as at the trosopause and earth's surface, certain additional vari-
ables and conditions are specified. For convenience, the atmosphere
is divided in the vertical according to mass (or pressure), and the

dimensionless vertical coordinate, o, i3 introduced

P -Pp
Py ~ Pp

o = (201)

where p is the pressure, Py the (constant) tropopause pressure, and P,
the (variable) pressure at the earth's surface. The levela 1, 2, and
3 are defined as those for o = 1/4, 1/2, and 3/4, respectively, with
the tropopause corresponding to 0 = 0 and the surface always given by
o= 1. Thus, 1if the surface pressure is approximately 1000 mb and
the tropopause is assumed to be at 200 mb, the levele 1 and 3 corre-
spond approximately to the 400-mb and 800-ab levels, respectively,
Although a comprehensive 1ist of symbols appears later in this
report (see Chapter VI), it is convenient to introduce the more com-
mon variables at this point. Anticipating the use of spherical coor-

dinates, the independent variables are:
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Fig. 2.1 -- Schematic representation of the model's

vertical structure.



? « latitude, positive northward from the equator

A = longitude, positive eastward from Greenwich

0 = disensionless vertical coordinate, 0 < 0 < 1, increasing
downward

t = time

The primary dependent (prognostic) variables are:

Va (u,v), horizontal vector velocity
T = temperature
B e P, T Pp surface pressure parameter

q = mixing ratio
The other dependent (diagnostic) variables are:

¢ = geopotential
a = gpecific volume

p @ pressure

G = %%. sigma vertical-velocity measure

The forcing terms are:
Fe horizontal vector frictional force per unit mass
He diabatic heating rate per unit mass
6 © rate of moisture addition per unit mass

The basic physical constants are:

= 200 8in @, Coriolis parameter

= earth's rotation rate

b D m

= earth's radius

x$
[ ]

vertical unit vector

c = specific heat (for dry air) at constant pressure

R = specific gas constant (for dry air)
8 = acceleration of gravity



B. DIFFERENTIAL EQUATIONS

The vector equation of horizontal mution (in o coordinates) may

be written

9 > - 9 -, <> >
i (r0) + (v « 2NV + 3= (V8) + £k x oV

+ V¢ + onaVn = oF (2.2)
where
Y.
1 A )
vVeka % e (P[3T+ 2% (A¢ cos ¢) (2.3)

for a vector & = (A,, Aq)'

The thermodynamic energy equation (in o coordinates) is written

-a— g . a— hY
= (wcp‘l’) + v (nepﬁ) + = (’ncp’l’é

- na(021-+ oV « On + wé) - (2.4)

ot

The mass continuity equation is

an * 9 .
SE-+ Ve (nV) + 35 (ng) = 0 (2.5)

The moisture continuity equation is

% (nq) + ¥ « (nq¥) + -g-c- (nqd) = Q (2.6)

The equations (2.2) and (2.4) to (2.6) are the prognostic equations
for the dependent variables V. T, n, and q. The specification of the
frictional force (f). the heating rate (ﬁ). and the moisture-addition
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rate (6). or. the right-hand sides of these equations 1is considered in
subsequent sections. Supplementing these equations are the diagnostic

equation of state,
a = RT/p (2.7)

and the hydrostatic equation,
24raeo0 (2.8)

These complete the dynamical system in o cuordinates, with ¢ itself
g8iven by 0 = (p - pT)/n, where Pr is a constant (tropopause) pressure,

C. _BOUNDARY CONDITIONS

Accompanying the dynamical system, Eqs. (2.2) to (2.8), are physi-
cal boundary conditions at only the earth's surface and the tropopause,
as there are no lateral boundaries in the o system for the global at-
mosphere. At the earth's surface we require zero (air) mass flux nor-
mal to the earth's surface and either a zero heat flux or a specified
surface tempersture, depending upon the surface character. Thus, we

write at the earth's surface:

ag=0

¢ = @a(x.ﬁb at g = ] over land (2.8a)
F" = 0

d=0

¢ =0 at o = 1 over ocean (2.8b)



P

Here oa(x,qo denotes the fixed distribution of the geopotential of
the earth's land (or ice) surface, P“ is the vertical heat flux at
the surface, and Ts(k,qb the fixed distribution of the sea-surface
temperature.

At the assumed isobari: tropopause p » Py ve require the free-
surface condition dp/dt = 0, or

0 =0, at 0 = 0 (2.8¢)

Although they are not strictly boundary conditions, we may regard
the specification of the surface drag coefficient which contributes to
the horizontal frictional force, f, in Eq. (2.2) as fixing the ver-
tical momentum transfer at the surface, and similarly regard the spec-
ification of the surface evaporation (minus the surface precipitation
and runoff) as determining the moisture available for the source 6 in
Eq. (2.6). The determination of these transfers in terms of the model
i1s described below. We might also regard the solar radiation at the
top of the atmospheric model at 0 = 0 as a boundary condition. Here
this flux is assumed to be given by the solar constant, modified as
described below by the eccentricity of the earth's orbit and by the

zenith angle of the sun.

D. VERTICALLY DIFFERENCED EQUATIONS

1. Vector Form

As an introduction to the presentation of the complete differ-
ence equations (including the horizontal and time finite-difference
forms), the model's dynamical equations are here first stated in terms
of the variables at specific model levels (which statement constitutes
the vertical differencing in ¢ coordinates), and then given in terms
of the horizontal (rectangular) map coordinates actually used in the
computations. The dependent variables are computed at the several

levels as shown below:



Table 2.1

DISPOSITION OF THE DEPENDENT VARIABLES

Level g & ¢ P T v q
o c0o 000 o o [ N ) pT [ N ) LN I ] LN N ]
1 -
1 3 noc 01 P, T1 Vl 0
1 n
2 LI B B I ) E 02 [ N ] pz LN Y ) LN N ] o e 0
3 -
3----- - ce e
4 by Py Ty Y 9
b ..., 1 0 D00 Py + 01 .. H. Lo
(surface)

We note that the mixing ratio, q, is carried only at level 3, and that
the surface pressure is computed by means of . At the midlevel 2,
only the o vertical velocity 62 is independently computed, although it
is sometime " useful to regard the wind and temperature at level 2 in
terms of values interpolated between levels 1 and 3.

The equation of horizontal motion, Eq. (2.2), is now written for

levels 1 and 3 (with corresponding subscripts) as

=5 > g >
v +v3) + nfk x v1

3 -»> - N
73 (nVl) + (Vv nvl)v1 + mé, 1

+ nV¢1 + clnu1Vn - n?l (2.9)
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-

3 > -»> 3 o - >
3t (V) + (v - V)V, - "o, (Vy + V) + nfk x

<<}

+ TYV¢3 + ogna:’Vﬂ - ﬂ?a (2.10)

where vertical finite differences between g = 0 and o

1/2 and between
0=1/2 and ¢ = ] have been taken, and the conditions ¢ : 0 at g = 0,1
and 3é - 1/2(\‘1 + 33) used,

The thermal energy equation (2.4) may be similarly written for
levels 1 and 3 as

«
p
) P 1 .
1 (nTl) + v (nrliil) +<p°> ﬂoz(el + 93)

na,0 ™H
11 3n_ = 1
- c, Ge*t Ve E;- (2.11)

[
P
2 3\ .
57 ("T3) + © (nrav:,) - <Po> m3y(0) + 6,)
nTa,0 ﬂ}.i
373 om L w .3
- =L (a: + V3 vn) —-—-cp (2.12)

where the condition 92 - 1/2(61 + 03) has been used with the potential
temperature, 6, given by

0= T(polp)K

with p = 1000 mb, a reference pPressure, and x = R/c =« (.286.
o P

Manipulation of the mass continuity equation (2.5) applied at lev-
els 1 and 3 with the conditions & = 0 at ¢ = 0,1 leads to the relations

LIPS U > »]



=1l=

6y = - {'—ﬂ- v . [n(w‘rl " 33)] (2.14)

for the prediction of the surface pressure and the computation of the
midtropospheric vertical motion field.

The moisture continuity equation (2.6) is applied only at the
(lower) level 3, giving

i;—t- (rgy) + 7 - [ﬂqa(% v, - % Vl)] = 2g(E - C) (2.15)

where the conditions = 0 at 0 = 1 and q = 0 at 0 = 1/2 have been
used, and the wind at level 3 (o = 3/4) is replaced by a wind at ¢ =
7/8 found by linear extrapolation from vl and Va. The moisture source
term, 2g(E - C), represents the net rate of vapor addition as a result
of the evaporation rate, E, and condensation rate, C, into the air col-
umn of unit cross section between o = 1 and 0 = 1/2,

The hydrostatic equation (2.8) is integrated from the surface to
the levels 1 and 3, yielding the relations

[ L4 [ 4
1 Py P a
ol °lo + 7¢ 02 <p°> - <p°) ] + 7 (0303 + olul) (2.16)
1 3 1 n
o3 °l. -3 c:‘)e2 <p°> <po> '+ 2 (0303 + olul) (2.17)

vwhere @a is the (fixed) geopotential of the earth's surface, and where
8 has been assumed linear in p‘ space from o, = 1/4 to the ground

cw ],

2. Rectangular (Map) Coordinates

As a final transformation prior to the consideration of the dif-
ference equations used in the computations, it is convenient to pre-
sent the verticaélly differenced equations (2.9) to (2.17) in terms of



-12-

the rectangular (or map) coordinates x and y. The grid-scale dis-
tances m and n, defined as

m= all cos ¢ (2.18)
n = a)® (2.19)
represent the longitudinal and latitudinal distances between grid

points separated by A% and A®, respectively. The dimensionless map
coordinates x and y may then be defined as

X = mnlak cos ¢ (2.20)

y = n lag (2.21)

so that a rectangular grid-point array is generated with unit dis-
tance between points. The reciprocals m-l and n-l are the conven-
tional map-scale or magnification factors.

We also introduce the new area-veighted variables

T = mnn (2.22)

S = Znnﬂéz (2.23)
dm

Femnf -u dy (2.24)

and the weighted mass fluxes

u = any (2.25)

v = mnry (2.26)

a{ both levels 1 and 3.
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Upon multiplication by mn, the equations of motion, Egqs. (2.9)
and (2.10), may thus be written:

u, +u
9 (V )+§(_L_._3.)

5;-(ru ) + — ax (u u ) + - 3 3
3
+n (; axl + clwal'%—) Fﬂvl - HFT (2.27)
a 3 % (V1 * "3)
T3 (nv ) + — (u ) + %y (vlvl) + S( 3
3¢
1 an oo
+m (w 5;—-+ o may 3y)l+ Fnu1 nFl (2.28)
+ u
2 3k L o 3)
3t (Tug) + 35 (ugug) + 52 (vauy) s( )
¢
+n (w 3;2 + O4ma, g ) Fﬂv3 - HF; (2.29)
vV, + v
PR Y 3
(nv ) + — ax (u ) + 3y (v3v3) S(-——TF—-)
303
+mirn ay + LI )~+ Fﬂu3 - an (2.30)

where the frictional force ¥ = (Fx, Fy) at levels 1 or 3.
The thermodynamic equations (2.11) and (2.12) may be similarly

written as

V.
3 P1\ /% * &),
= arp + x(ulT y(vlr)+<o><—-2—-— §

oya * nH
1 1 (Tr an , ram, o 311)_ o § (2.31)
P P

1% 3; c
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K
P 8, + 6
3 1 3) .
(HT ) + — Y (u ) + — 8 (v T3) -<p°> < 5 > S
0.0 )
373 oll * 57 * 3y 3
" el (” 3t T Y33z * V3 ay) N

(2.32)

The mass and moisture continuity equations (2.13) to (2.15) may

also now be written as

13 a

Tk 3 [ (u +u ) + — (v +v )]

. 1[5 * * 3 * *

S = 5-[3; (u3 -u) + 3y (v3 - vl)]

2 3 5 % 1 %

ar (M99 + 33 [qa(Z Y3737 “1)]
3 CRNE SN ) S
3y [q3(4 BT "1)] w (E-0O

Equations (2.27) to (2.35), together with (2.16) and (2.17),
stitute the final dynamical statement of the model in vertically
differenced form. The introduction of time and horizontal spatial
finite differences 1s considered in the following sections.

E. FRICTION TERMS

The frictional terms fl and f3 in the equations of horizontal
motion (2.9) and (2.10) are given by relations of the form

-
F () . _u<"1 - "3)3&
1 3z 2 Z; Z3/ "
: 2
f3--?1 pl‘V(,V | +¢6) =&

(2.33)

(2.34)

(2.35)

con-

(2.36)

(2.37)
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where 1 18 an empirical coefficient for the vertical shear stress, and
the factor 2g/m represents the mass per unit area in each of the two
model layers. Here z, - z, is the height difference between the lev-

1
els 1 and 3, CD is the surface drag coefficient, Ch the surface air

density, Va a measure of the surface wind (= 0,7 64’ with 64 an ex-
trapolated wind at level 4), and G an empirical correction for gusti-
ness,

The frictional force fl thus represents the internal downward
transfer of momentum between the levels due to the vertical shear of
the horizontal wind, whereas the force f3 also includes the effects

of surface skin friction.

F. MOISTURE, CONVECTION, AND CLOUDS

The purpose of this section is to describe the physics of the
hydrologic cycle used in the model and to develop the expressions used
to evaluate the moisture-source term, 2 %3 (E - C), on the right-hand
side of the moisture-balance equation for the atmosphere [Eq. (2.35)].
The moisture source for the atmosphere is evaporation from the surface,
E, and the moisture sink is precipitation, C. All the moisture con-
densed in the model atmosphere is assumed to fall to the surface as
precipitation. Thus the moisture sink for the atmosphere, C, 18 spec-
ified by large-scale, convective, and surface condensat’on. The vari-
ables specifying the amount of moisture in the atmosphere and in the
ground are q3, the lower-level mixing ratio, and GW, the ground-wet-
ness parameter. While q, i1s determined in part by horizontal advec-
tion and is thus modified every time step, GW, E, C, and that part of
the change of 95 due to E and C are computed every fifth time step
(see Chapter I11, Section A).

Clearly, the amount of evaporation, condensation, and convection
depend on the thermal state of the atmosphere, which is in turn a
function of the exchange of heat taking place during these processes.
Instead of obtaining a simultaneous solution for the moisture and
thermal states of the atmosphere, the model evaluates the evaporation

and the components of the condensation in a sequence. At each step
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of the sequence the thermal state of the atmosphere is modified, and
the new values of temperature are used in the next step.

In the following subsections each process is discussed in the
sequence in which it 1s evaluated in the FORTRAN program. First, the
temperature lapse rate between o = 3/4 and 0= 1/4 is adjusted to the
dry-adiabatic lapse rate 1f it is found to be dry-adiabatically un-
stable; this convective adjustrent is discussed in Subsection F.1.
Second, 1f the air is supersaturated at o = 3/4, large-scale conden-
sation occurs and the temperature and mixing ratios at g = 3/4 are
adjusted (see Subsection F.2). Third, the temperature lapse rates be-
tween levels and the humidity are tested to determine the existence
of moist convective instability. If there is instability, convec:ive
condensation occurs and the temperatures and mixing ratios are ad-

Justed according to the three types of convection permitted:

(a) Middle-level convection, which occurs 1if the layer between
o= 3/4 and 0 = 1/4 1is unstable (for moist convection).

(b) Penet ating convection, which occurs if the layer from ¢ =
3/4 to 0 = 1/4 1s stable but the layer from the surface to
0 = 3/4 1s unstable and, in the mean, unstable from the sur-
face to 0 = 1/4,

(c) Low-level convection, which occurs 1f the atmosphere is un-

stable onlv between the surface and o= 3/4,

To determine the existence of convection types (b) and (c), one needs
the temperature and mixing ratios at the top of the surface boundary
layer. All three forms of convective condensation and the physics of
the boundary layer are discussed in Subsection F.3. Fourth, the quan-
tities needed to evaluate the evaporation from the surface are dis-
cussed in Subsection F.4, and the moisture balance at the surface and
in the atmosphere 1s discussed in Subsection F.5.

The final two subsections are devoted to parameters which are re-
lated to the moisture content of the atmosphere and are used in the
radiation balance calculation in Section G. In Subsection F.6, the
cloud types and clo'id amounts produced by the various forms of conden~
sation are discussed, and in Subsection F.7, equations for the effec-

tive water-vapor content of the atmosphere are derived,
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l. Convective Adjustment

If, 38 a result of the changes due to advection, the atmosphere
1s found ¢o be dry-adiabatically unstable (e1 < 8,) at the beginning
of the heating and moisture~balance calculations, then a "convective
adjuscmeni” is made. This consists of setting both 61 and 63 equal to
an average 6, which is calculated from

3_?[1(r+ g)]‘-l
s il
assuming that

Thus, the convective adjustment consists of setting

9 & o T 4T,

S 1L T T W) (2.38)
[ 4 « [ 4 ® + pt

po PO PO Pl 3

from which the temperatures are accordingly recalculated as

8

l «

Ty ==
P

(o]
(2.39)
)
3 «x
Ty = = p,
PO

After this convective adjustment, the model pProceeds as usual to the
moisture and convection calculations.

2. Large-Scale Condensat ion

Large-scale condensation occurs if the lower-level grid cell s
Supersaturated at the beginning of the moisture-balance calculation.
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The saturation mixing ratio is given by

M, e.(T)
q,(T) = EP—-C.“(T) (2.40)

where Mw and Md are the mean molecular weights of water vapor and dry
air, respectively (Hw/Hd = 0.622), and where the saturation vapor pres-
sure is given by the equation

e.(T) - e exp(Ae - Be/T) (2.41)

with e = 1 mb, Ae = 21.656, and Bc = 5418 deg K,

If it is then determined that 9, > qs(TJ) a8 a result of the com-
puted solution of the moisture continuity equation (2.35), large-scale
condensation is allowed to occur. This condensation will remove mois-
ture from the atmosphere and will also warm the atmosphere by releas-
ing latent heat, with the warming in turn modifying the saturation mix~
ing ratio qs(T3). The condensation proceeds untfl 9y = qs(T) at the
new (warmed) temperature. If the original temperszure and mixing ratio
at level 3 are written as To and 9, the new temperature T satisfies

ep(T = T) = Llg, - q_()] (2.42)

In view of the dependence of 9 on T, as given by Eqs. (2.40) and (2.41),

we seek the approximate value of 1 when

L
F(D) =7 - 1 +(§)[qam -q =0 (2.43)

Using the Newton-Raphson method, the first-order approximation of T

becomes

F(T_)
v B,
T tn F'ITn! (2.44)



where
F(T) =-L0q -q )] (2.45)
(o] CPO 8 O
and
F'T) =3 1yags o (r)-B—‘ 1+f’-"- (T ) (2.46)
o dT ‘o cp %' T2 M" %' '
[0}

Substituting Eqs. (2.45) and (2.46) into (2.44) and neglecting
(Md/M")q’(To) in comparison with 1, the change in temperature at
level 3 as a result of large-scale condens\t‘on becomes

L
c_ (qo - q’(To)]

(4T =T - T, = £ 5 (2.47)
LS L e
e %) 3
p To

The change in moisture content due to this large-scale condensation
is found from

c
- iB (T,) (2.48)

(8q,)
LS LS

and the new q, is given by

9, * q, - (4q.,) (2.49)
3 30 3 LS

Since the amount of precipitatior is assumed to be equal to the con-~

densation, the large-scale precipitation rate becomes

PLS - (ﬂ/2gow)(Aq3)Ls (2.50)



where (n/2g)/ow 1s a conversion factor used to obtain the precipitation
rate from the condensation rate (see Chapter IV, Large-Scale Precipita-
tion Rate: Map 9). Finally, the large-scale condensation produces
type-2 clouds (see Subsection F.6).

3. Convective Condensation

To determine the possibility of convection, suitable stability
criteria must first be defined. The equivalent potential temperature,

defined as
s Lg i
op = 8, oxp(c,r) (2.51)
p
where
K
(72=)
ed =T 5 =5 {(2.52)

is conservative in both unsaturated-adiabatic and saturated-adiabatic
processes. A more convenient paramcter for our purposes is given by

the approximation

cT
EL de; =~ dh (2.53)
e
Here
hs= cpT + g2 + Lq (2.54)

shall be referred to as the static energy; it is the sum of the en-
thalpy, the potential energy, and the lstent energy of a parcel of

air. The static energy is very nearly conservative in both unsatu-
rated and saturated adiabatic processes, and thus can be used in the

analysis of convective phenomena. For example, following the argument
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of Arakawa et al. (1969), if we assume that the air in the clouds at
level 1 is saturated, then the ststic energy in the cloud at level 1

becomes

hc = cpTc1 + 8z, + Lq.(Tcl) (2.55)

where q (T _,) is the saturation mixing ratio at the cloud temperature
s cl

Tcl' Fer convenience we define the quantity

*
h1 z cpT1 + 8z, + Lq'(TI) (2.56)

where T1 is the temperature of the air surrounding the clouds at lev-
el 1. Eliminating 8z, from Eqs. (2.55) and (2.56), the temperaty :2

difference between the clouds and the surrounding air at level 1 becomes

T . -T = (2.57)

where

'L(Mﬁ wi g W) (2.58)
1

vy E =5 =~
1 cp T cp Tc1 T1
*

1
in the clouds at level 1 is warmer than that in the surroundings, and

Thus it can be seen from Eq. (2.57) that when hc > h, the temperature
any convection that has been initiated will tend to continue.

We now seek to determine the value of hc in terms of the Mintz-
Arakava two-level model's parameters. To do this wve assume that all
the entrainment takes place at level 3, and thus the vertical mass

flux (M) through the cloud above level 3 becomes

M= an (2.59)

-
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vhere Mb is the vertical mass flux through the bottom of the cloud

and n is the entrainment factor. Wher. there is entrainment, n > 1, and
the static energy in the cloud is a mixture of the static energy enter-
ing the base of the cloud, hb' and that of the surrounding air, h 3
Thus we hava

1
hc h3 3 n (hb

- h.) (2.60)
What 1s assumed for the amount of entrainment will therefore determine
the value of hC in Eq. (2.57) and thus the existence of stability in
the model.

In the following subsections, the value of n for each type of
convection will be discussed and the stability criteria derived. The
criteria will then be used to determine the temperature and moisture

changes resulting from the convection.

a. Middle-Level Convection. In middle-level convection we as-

sume that the entrainment at level 3 is much larger than the mass flux
through the bottom of the cloud. Mathematically, it can be represented
by setting i, 0 while leaving an finite. Thus from Eq. (2.60) we
have hc = h3, and from Eq. (2.57) the condition f:r middle-level con-
vection becomes h3 > hl' The parameters h3 and hl’ rewritten in terms
of the potential temperatures and mixing ratios at levels 1 and 3,

are

[ ] W ©
-h—l--u :! +(0-6)2 +5‘- (T.) (2.61)
e 3 1 I \p c. 45\ ]
P o o P
[ 4
h p
c—3- 93<—“-> +%—q3 (2.62)
p Po P
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where
p \§
8 B
03 (P°> R T3 + cn 23 (2.63)
and
K
(6, - 8.) 32 - (T + £, ) - (T + £, ) (2.64)
1 37\ p, 1 <, 1 3 N 3 ’

To determine the temperature change at levels 1 and 3 due to this

convection, we introduce the concept of "dry" static energy, S, where

§ = cpT + gz (2.65)

Considering convection only, the continuity equation for S at level 1
is

apS1 . a(ansl)
dz

e (2.66)
which may be approximated by
op aS1
g ot nMb(scl B SZ) (2.67)

Neglecting the time change of the geopotential and using Eq. (2.57) we
may write Eq. (2.67) as

T
1 1
—--—&—% T

®
3t cpAp n Y (h3 - hl) + (S1 - SZ) (2.68)
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With similar approximations, the temperature change at level 3 is given
by

Ti.e ™
at Ap cp

(s S

2 3) (2.69)

Equations for the mixing ratios at levels 1 and 3 can be derived
in a similar fashion. However, in the model all the moisture is as-

sumed to be carried at level 3, and thus the change of q3 due to con-
vection becomes

aq
» Sk [
at Ap ng[q.(Tcl) q3]

Y
oy - 1 1 e
ap Mp{94(T)) - 4y + 77— v 1 (hy = h))) (2.70)

Here, Eq. (2.57) has been used to eliminate qs(Tcl)'

To eliminate the unknown mass flux in Eqs. (2.68) to (2.70), we
relate ng to the relaxation time, Ter of free cumulus convection. As
a8 result of convection, the instability of the layer diminishes and
h3 -+ h;. The time rate of change of (h3 - h;) is given by

) LA - 3qg(Ty) 3T,
s L el CE S at 3T, ot

3
3 (h

2 +y1 " 1
- Ty, (=) + 7 A+y6 =51 @2

If the instability diminishes exponentially with e-folding time Ter then

o2 (2.72)
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When Eq. (2.72) ie combined with (2.68) and (2.69), the change
in temperature at levels 1 and 3 [over the time interval (54t) between
heating calculations) due to the Trelease of latent heat is g'lven by

*
n hg = by Sat (2.73)
o™ cp(z + Yl) T

(Arl)

(4T,) (1 + v,)LR/2
1 oM 1

- - . (2.74)
™ (h3 = hl)/cp + (1+ YI)LR/Z

(8T,)

-2 - - | BN S
where Y, " (L/cp) 5418deg qs(Tl)Tl and LR (01 03,(p2/p°) is a
“nominal lapse rate." In this model, the relaxation time, T.» 1s taken
to be 1 hour. From Eqs. (2.70) and (2.73) the change in moisture at
level 3 {s given by

C
(8q,) =B laT) + (AT.) } (2.75)
3 oM L [ r, 3 oM

™

As in Eq. (2.50), the precipitation rate duye to middle-level convection
is given by

P = (n/2gp )(4q.) (2.76)
™ w 3 CM

Type-1 clouds may be produced by this middle-level convection (see Sub-
section F.6), and the associated convective precipitation rate is {1lus-
trated in Map 13, Chapter 1V,

b. Boundary-Layer Temperature and Moisture. 1If middle-level

convection does not occur, either "penetrating convection" or "low-
level convection" may. Since both of these convection types originate
at the air/ground interface, it is convenient to discuss first the
computation of the moisture, qb. and air temperature, TL' at the sur-
face along with other air/ground interaction parameters. A thin
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boundary layer is assumed at the air/ground interface, with the sub-
script "4" referring to values at the top of the boundary layer and
the subscript "g" referrin; to values at the bottom of the layer, just
above the ground or water jurface.

We assume that the flix of static energy [see Eq. (2.54)) from
the surface into the bottom of the boundary layer is equal to the flux
out the top. We neglect horizontal convergence in this thin boundary
layer and also assume negligible geopotential difference between {ts
top and bottom. Thus the flux of static energy from the surface may
be approximated by
(2.77)

I = °4Cn“(hg £ h4)

vhere

We |V |"+6 (2.78)

is a surface-wind parameter corrected for gustiness and CD is the drag
coefficient. Implied in Eq. (2.77) are the assumptions that the eddy-
diffusion coefficient for th: static energy can be approximated by

that for momentum, and that a constant transfer coefficient may be used
in the boundary layer. Equating (2.77) to the flux through the top of
the boundary layer, we obtain

hé = h3

Z3

pl‘CDW(h8 = hé) - péAv (2.79)

where Av is the vertical eddy-diffusion coefficient. Solving Eq. (2.79)
for ha we obtain

hé = (EDR)h3 + (1 - EDR)h8 (2.80)
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vhere h3 is given by Eq. (2.62), h8 is given by

h
£ . L
i T8 + . q8 (2.81)
p p
and
A‘_/z3
EDR = —— (2.82)
Av7z3 + CDW

2 -1

n
In the present version of the model it is assumed that A = 1]681 m sgec ,

v
v'.are the surface wind Vs is inm sec-l.

In order to obtain the surface moisture, 9 and temperature, Té’ we

now write the parameter hé from Eq. (2.54) as

h
4 L
P P

By defining the values of q8 and 9,4+ One may solve Eqs. (2.80) and (2.83)
for 74 in terms of the surface parameters T8 and GW and the static energy
at level 3. 1In general the grourd temperature, Ts, and the ground wet-
ness, GW (0 < GW < 1), are available from the previous time step, along
with the level-3 temperature and moisture. From these data, the relative

humidities at levels 3 and 4 may be determined from

RH, = (2.84)
3 q ET3)

and

(2Gw) (RH3)

RS T (2.85)
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where RHA i3 the harmonic mean of RH3, the relative humidity at level 3,
and the ground wetness, GW. The ground-level mixing ratio is assumed

to be directly proportional to the ground wetness. Hence

- 2.
q8 GW qs(Tg) (2.86)

where q&(Tg) is calculated from T8 in the usual fashion [see Eq. (2.40)1],

0.622 e_(T )
qs(Tg) = EZ_:"E;?T;§_ (2.87)

and the ground-level saturation vapor pressure is given by

es(Tg) - min[eo exp(Ae - Be/Tg)’ p4/16.62] (2.88)

The mixing ratio at level 4 can now be obtained from Eq. (2.85) and an
extrapolation of qs(Tg) to level 4. Thus

[ dq_(T ) . ]
. o gl ar
q, = R, 1a (T) + 8z —g7—— @
°p '
= RHA qs(Tg) + 7 yg(Tl‘ - Tg) (2.89)
where Yg is evaluated from
dq_(T ) q (T)
Y = .L_ __—.g._s = -L— 5& 18deg —-———E—S (2 .90)
g ¢ dT c 2
P P Tg

Using Eqs. (2.83), (2.89), and (2.80), the temperature at level 4

becomes finally
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~

(
2 _m | g ry - v .
cP 4 cp 8 g ge Pu
1+ RH IR St I
< AYg Py
T[‘ = ’ (2091)
Py
‘;‘3 i otherwise
pﬂ

~

where h4 1s the value of the static energy at level 4 as given by

Eq. (2.80). The condition on T4 given by Eq. (2.91) is invoked to pre-
vent a super-adiabatic lapse rate between levels 4 and 3. From the
quantities T4 and q, given by Eqs. (2.89) and (2.91) the convection
parameter h4 defined by Eq. (2.83) may then be evaluated, although the
quantities T4 and q, will be redefined later if penetrating or low-level

convection occurs [see Eqs. (2.96) and (2.97) below].

c. Penetrating and L' - -Level Convection. In the model, both pene-

trating convection and low-level convection are mutually exclusive with
middle-level convection. Thus, the first criterion to be met is that
*

second criterion, similar to Eq. (2.57) for middle-level convection, is

the layer between level 3 and level 1 be stable, i.e., that h

obtained from instability conditions for the layer between levels 4 and
3. Thus we first write

T -7 = (2.92)

where TC3 1s the temperature of the rising air in the clouds at level 3,

dq_(T.) q_(T;)
L s 3 3
Y3 "ol Tar T o d418deg k-
P P Ty

and

h* <
p
3 s L
T 93( _.> + q (T,J_, (2.94)
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For penetrating and low-level convection we assume that there is no

entrainment at level 3 (n = 1), and from Eq. (2.60) we then find hc =
hb'
to be equal to its value at the top of the boundary layer, h

Further, we take the static energy at the base of the cloud, hb’
4 There-
fore the second criterion for penetrating and low-level convection be-
comes h4 > h;. along with the primary criterion h3 < h;. When thesge
two conditions are met, we may then discriminate between penatrating
and low-lsvel convection. From Eq. (2.57) with hc - h4 we see that

if h4 2 hl' convection can penetrate into the stable layer above lev-
el 3 and reach all the way to level 1. This is therefore the distin-
guishing condition for penetrating convection. If, on the other hand,
h4 < h;, the convection stops at level 3. This is therefore the con-
dition for low-level convection.

In tge case of low-level convection, it is assumed that ha is modi-
fied to h3. because of the process of transporting static energy out of
the boundary layer. This is equivalent to assuming that static energy
in the cloud becomes h;. Low-level convection may produce type-3 clouds
(see Subsection F.6), and condensation and precipitation are not allowed
to occur; all the moisture transported as clouds is assumed to evaporate
again within the same layer with no release of latent heat. The effect
of this type of convection is thus felt only in the vertical traneport
of sensible heat and in surface evaporation, where it alters the sur-
face moisture and temperature.

Indicating by primes the values prior to modification by low-level

convection, we may write

) (2.95)

- ' - ' -
h4 h& (h4 h
Substituting the definitions of ha and hz into Eq. (2.95) and using
Eq. (2.89) for the old and new mixing ratios at level 4, the surface

temperature and mixing ratios are given, after convection, as

*®
(hz - h3)/c
. R M °)
T, =T T+ Ry (2.96)
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T
9 - %(h,: £ -cﬁ) (2.97)

The temperature and mixing-ratio adjustments at level & given by
Eqs. (2.96) and (2.97) also occur in the case of penetrating convec-
tion. To find the change in the temperature and mixing ratios at lev-
ela 3 and 1 in this case we continue to assume modification of h to
h3, and follow the same procedure used in nlddle ~-level convection.
Thus, as in Eqs, (2.68) and (2.69) and using h3 as the static energy
in the cloud, we obtain

oT S, -S

Ll By 1 r_ i 2 N
ot c Ap Mb 1+y ‘h3 hl) + c (2.98)
P 1 P
and
oT S, - 8§
e O Y e St |
ot Ap Mb c (2.99)

To determine the value of the mass flux, Mb we assume, as in the case of
middle-level convection, that the penetrating convection decays with a
relaxation time T Here Mb is determined by the time required to re-
move the instability in the layer fron level 4 to level 3, {. e., the

time required for h& to approach h With this assumption, the mass

3’
flux becomes

Wi - hy

"=

(2.100)

"H:'l_'

L]

Tr h} = hl
i WA T P AR CR R IICAEE

Using Eqs. (2.98), (2.99), and (2.100), the temperature changes at the

levels 1 and 3 due to penetrating convection over the time interval 5at

are given by



-32-

h, - h
1) -2 -2 7, f“ (2.101)
CP r
h, - nt
(o1 =2 - 3 1, 34t (2.102)
CP € Tr
vhere
* *
h. - h
3 "M LR
Tl mﬁ- 5 (2.103)
P i
LR 4
‘zna Tt 4y, if t 2 0.001
T = (2.105)

l0.00l 5 otherwise

and Ts is the convection relaxation time as before. As with the middle-
level convection, all the moisture condensed (and hence precipitated) is
assumed to originate in the lower layer, so that the level-3 moisture
change due to penetrating convection is given by

C
(bq,) =-R (1)) |+ (a1 (2.106)

cp P cp

Type-1 clouds may be produced by this convection (see Subsection F.6), and
the precipitation rate due to penetrating convection is given by

PCP = (w/Zgov)(AqJ)cp (2.107)
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This contributes to the total convective precipitation rate iliustrated
in Map 13, Chapter 1V,

4., Evaporation

The evaporation rate per unit area from the surface is approxi-
mated by an equation similar to (2.77) for the flux of static energy

from the surface. Thus

E = 0,Cp¥(a, - q,) (2.108)

where L p'(R'l‘(.)-1 with R the gas constant, Pg» the surface (level-4)
pressure, and Tb and q, are given by Eqs. (2.96) and (2.97) if pene-
trating or low-level convection exists, and otherwise by Eqs. (2.91)

and (2.89). The ground-level value of the mixing ratio is given by

qg = CWa (T ) (2.109)

where qse(Tgr) is the effective saturation mixing ratio at the bottom
of the boundary layer after a correction to include the effects of the
radiation balance at the surface on the ground-level temperature (see
Subsection G.3). Thus

8
= oy (T) + —FE- (T, - T (2.110)

where Tgr is the new value of T8 calculated to include the radiation.
The evaporation thus calculated can be either positive or nega-
tive, and is available as a separate output from the program (see Map
14, Chapter 1V). The moisture at level 3 will be changed in direct pre-
portion to this evaporation. Thus, over the time interval 54t, the
contribution by evaporation to the total moisture balance at level 3

(see following subsection) is given by

(Aqg) -« 28, E « 54t (2.111)
g "
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5. Moisture Balance and Ground Water

Moisture balance is maintained both in the form of moisture at
level 3 and as the ground water on the land. The ocean, ice, and snow
are considered both as infinite sources (for evaporation) and infinite
sinks (for precipitation, negative evaporation, and runoff), Although
the upper-level moisture is calculated as a function of lower-level
moisture for radiation purposes, the total amount at the upper level
is otherwise considered to be negligible, as is any transport between
the upper and lower layers of the model.

The level=-3 moisture balance is calculated from

*= (AQJ) (2.112)

(43) ) (qa)old TOTAL

new

where (4q.) is the sum of the level-3 moisture changes due to

5 TOTAL
middle-level convection, CM, or penetrating convection, CP, large-

scale condensation, LS, and evaporation, E. Thus the expression for

the moisture-source term of Eq. (2.35) becomes

I

2mng(E - C) = — (Aq.)
S8t 3 roTAL
i
= e | (09y) - (8q)) - (8q,) - (&q.) (2.113)
SAt 3y I L Y cp

The ground water is carried as the variable GW, which varies be-
tween 0 for dry ground and 1 for saturated ground. For ocean, ice, or
snow, GW is always considered to be 1. This quantity is used in the de-
termination of ground temperature and evaporation, and is recalculated
(for land) after the level-3 moisture balance hus been determined. If

(AqJ) 1s negative (a decrease in level-3 moisture), enough pre-
TOTAL
cipitation occurs for runoff to be calculated. If the ground is not

saturated (GW < 1) then the runoff is taken as 0.5 GW; if the ground is
saturated, the runoff is taken as unity. The new ground wetness 1is

then given by
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1
(Gw)new - (GW)old + Q1 - runoff)(Aq3)T G g (2.114)

OTAL

where GWM is the maximum mass of water per unit area which the ground
can absorb (here assumed to be 30 g/caz). and the factor n/2g is the
air mas¢ in a vertical column of unit area in the lower model layer.

If (Aq3) is not negative, because evaporation is greater than pre-
TOTAL
cipitaticn; the runoff is zero and Eq. (2.114) represents the net de-

crease of moisture at the ground. 1If (Gw)new < 0 then (Gw)new is set
to zero, and 1if (cw)new > 1 it 1is set to 1.

6. Clouds

The type of clouds present in the model depends upon which con-
densation and/or convection processes have occurred. The amount of

cloud cover depends upon the relative humidity at level 3, RH_, for

convective clouds, whereas a complete overcast is assumed fochloudn
caused by large-scale condensation. Figure 2.2 shows the assumed physi-
cal dimensions of the various cloud types. Although the clouds are only
parameterized entities as far as the moisture is concerned, they must
have physical dimensions for the radiation calculations. In the pres-
ent version of the program, type-1 clouds cannot coexist with other
types in any given grid cell; types 2 and 3 may coexist.

Type-1 clouds may be described as towering cumulus, having their
bases at level 3 and their tops at level 1. They exist if either
middle-level or penetrating convection occurs. The amount of cloud
cover (given as the fraction of the sky covered with clouds) is de-
fined by CL = -1.3 + 2.6 RH3. If CL < 0 the sky is defined to be clear.
This convection therefore does not create clouds unless the relative
humidity at level 3 is greater than 50 percent. If CL > 1 it is reset
to 1, implying a completely cloudy sky.

Type-2 clouds may be described as a heavy overcast with base at
level 3 and top at level 2. They exist if large-scale condensation
takes place (as described in Subsection F.2 above), and if type-1 clouds

do not exist (since strong convection would destroy these clouds).
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Fig.

2.2 -- Schematic representation of convective cloud types.
Type-1 cloud represents either penetrating or middle-
level convection and is assumed to extend from level
O3 to o;, type-2 cloud represents large-scale conden-
sation and is assumed to extend from level 0y to gy,
and type-3 cloud represents low-level cumulus convec-
tion and is assumed to be confined to level 05 itself.



When type-2 clouds are present they always form a completely overcast
sky -- {.e., CL = 1 or 0.

Type-3 clouds may be described as shallow cumulus with bases and
tops both at level 3. They exist if there is low-level convection
but no penetrating convection. The cloud amount is again defined as
CL=-1.3+ 2,6 RH3, with CL reset to 1 1f CL > 1 and with CL < 0 mean-
ing a clear sky. This cloud type could possibly coexist with type 2,
but 1f so 1t would not affect the radiation, since cloud type 2 is a

complete overcast in the same region.

7. Effective Water-Vapor Content

To determine the effect of the moisture on radiation we must esti-
mate the entire vertical profile of q from the single value 9, The
9, value used here is a revised one, including the effects of large-
scale condensation, but not including changes due to convective con-
densation or evaporation. If q, < 10-5 it is set equal to 10-5. Above
120 mb the vapor pressure is assumed to be constant with height, with
the value 0.3316 dynes/cm2 corresponding to the frost-point tempera-
ture 190 deg K, as suggested by Murgatroyd (1960). Thus

s P <120 mb (2.115)

p

q = 0.622 (
cgs

0.3316) o 2206255

pcgs

where pcgs is pressure in cgs units (dynes/cmz). Below 120 mb 1t is

assumed that

L - vy P>120 mb (2.116)
Ay \My

where K is evaluated by matching q from Eqs. (2.115) and (2.116) at
the 120-mb level

(r (q,/1.7188 x 107°)
K(pyq,) = —p 57T %) (2.117)
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The effective water-vapor amount per unit area in a vertical column
below a given level, n, with a pressure-broadening correction term in-
cluded, is defined to be

* _ £ p 1 P4 py
u = / p(po)q dz 8/ (po)q ar (2.118)
2 P

Combined with the values of q defined above, this becomes, for level n,

2 24K 24K
oGP (P n 2.119)
“n ngZZ + K) ';; - ;; 1

and for the entire atmospheric column, inclvding the stratosphere, the

effective water-vapor content becomes

2. (p.)? o N/ 2+
* ; X
o =33 | 4) (€120 mb) +2.526 x 1070 (2.120)
© gp (2+K) [\p P
o 3 3
where the additive term is the effective vapor amount above 120 mb, and
vhere q, 1s set equal to 107> 1f 1e 1s < 10™>, The effective vapor

content of clouds is described i.. the following section.

G. RADIATION AND HEAT BALANCE

In this section the heat budget of the earth/atmosphere system is
discussed and the expressions which are used to evaluate the diabatic-
heating terms in the thermodynamic equations, (2.31) and (2.32), are
developed, together with those expressions used to determine the sur-
face temperature over land and over ice-covered oceans.

In addition to being partly determined by the release of latent
heat during convection (see Subsection F.3), the net heating rate at
level 1 (0 = 1/4) is also determined by the amount of solar radiation

absorbed by, and the long-wave radiation emitted from, the layer c = 0
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to 0 = 1/2. The heating rate at level 3 (o = 3/4) is determined by
the flux of sensible heat from the surface and the release of latent
heat in large-scale condensation (Subsection F.2), in addition to the
absorbed and emitted radiation and the convective latent heating in
the layer o = 1/2 to 0 = 1. The treatment of the short-wave {solar)
radiation and the long-wave (terrestrial) radiation used in the model
follows the discussion of Arakawa, Katayama, and Mintz (1969). The
so-called short-wave radiation includes all the solar radiation, re-
gardless of wavelength, and the parameterization for the attenuation
of this radiation by Rayleigh scattering, for its reflection from the
earth's surface and from clouds, and for its absorption in the atmo-
sphere and in clouds 1is given in Subsection G.1l. The treament of the
flux of long-wave radiation, which includes all that which is emitted by
the atmosphere, clouds, and the earth's surface, is given in Subsection
G.2.

The ground temperature, Tgr' needed to evaluate the evaporation,
the sensible heat flux from the surface, and the net long-wave surface
radiation i{s determined from the heat balance at the earth's surface
in Subsection G.3, and in Subsection G.4 a discussion of the heat bal-
ance in the atmosphere and the expressions for the temperature change

due to diabatic heating are given.

1. Short-Wave Radiation

The incoming solar radiation is immediately divided into two parts,
that of wavelength A < 0.9u, which is assumed to be subject to Rayleigh
scattering only, and that of wavelength ) > 0.9u, which, in a clear at-
mosphere, is assumed to be subject to absorption only. The actual wave-
length does not again enter into the model's treatment of radiation.

The two parts of the radiation are designated S: {part subject to scat-
tering) and Sg (part subject to atmospheric absorption), and are approx-

imated as

6% =« 0.651 § cos (2.121)
(o] (o]

s « 0.349 S cos ¢ (2.122)
(o] (o]
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where S° is the solar constant (adjusted for the earth/sun distance),
and ; is the zenith angle of the sun. The rationale for this parti-
tioning is described by Joseph (1966). A summary of the disposition
of these components of the short-wave radiation for both clear and
cloudy skies is given in Figs. 2.3 and 2.4, and is described in detail
in the following paragraphs.

a. Albedo. The albedo of the clear atmosphere for the portion
of the radiation assumed subject to (Rayleigh) scattering is given by

a, = min {1, 0.085 - 0.247 log,,[(p /p,) cos ]} (2.123)

as deduced by Katayama using the estimate of Joseph (1966).+ For an
overcast atmosphere, the albedo for the scattered part of the radia-
tion 1s composed of the contributions of Rayleigh scattering (by atmo-
spheric molecules) and of Mie scattering (by cloud drops). The sim-
plest useful formulation adopted by Katayama is

a =1-(1- ao)(l nr ) (2.124)

ac i

where a, is the cloud albedo (for both S: and S:), which is assumed to

be giveniby
acl = 0.7 for cloud type 1
acz = 0.6 for cloud type 2 (2.125)
°c3 = 0.6 for cloud type 3

The various cloud types are discussed in Subsection F.6 below.

*In the program, the expression ps/p° in Eq. (2.128) was inadver-
tently coded as (ps - p.r)(p° - pT)-l; see instruction 10450 in COMP 3
in the listing of Chapter VII. This error, which is not thought to be

serious, was brought to our attention by A. Katayama.
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Fig. 2.3 -- Short-wave radiation in a clear atmosphere. The

solid arrows indicate the path of radiative flux,
while the dashed lines indicate a region of the
atmosphere in which interaction occurs or in which
a diffuse path is followed. The absorbed radiation
Al = S$ - Sg and A3 = Sg - S?, according to (2.136).
The program (FORTRAN) symbols are given in paren-

theses following certain of the physical symbols.
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Fig. 2.4 -- Short-wave radiation in an overcast atmosphere,
illustrated for cloud type 1. The absorbed radia-

. .\ A A .
tion Al = bT - 82 - Slac according to (2.141), and
A A 4

Ay =5, -5,

according to (2.136). See also Fig. 2.3.
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The ground albedo ag (again for both Sg and Sg) is taken as

a = 0,07 for ocean

= 0.14 for land

0.45{1 + (CLAT - 10)%/[(cLAT - 3002 + (cLar - 10)2]} (2.126)"

for south-polar ice and snow

0.40{1 + (CLAT - 5)%/[(CLAT - 45)2 + (CLAT - 5)2]}

for north-polar ice and snow

These values for land, ice, and snow were developed by Katayama (1969)
as approximations to the data of Posey and Clapp (1964). In the ex-
pressions for polar ice and snow, CLAT 1s the number of degrees pole-
ward from the assumed northern or southern snowline (as appropriate)
given by the functions SNGWN and SN@WS. The expression for north-polar
ice and snow applies also for ice at latitudes between the two snow
lines, with CLAT = 0,

b. The Radiation Subject to Scattering (Sg). The part of the

solar radiation which is assumed to be scattered does not interact with
the atmosphere, except to be partly scattered back to space. Thus the
only part with which we are concerned is that amount which reaches, and

1s absorbed by, the earth's surface. This is given by the expressions

S: = S:(l - ug)(l - uo)/(l - aoag)

for clear sky
Ss" = Ss(l ~a)l-a )/(Q-a « ) o
g o g ac ac g

for overcast sky

Multiple reflections between sky and ground or between cloud base and

*
These expressions are coded incorrectly 1in the program; see in-
structions 23720 and 23760, Chapter VII.
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ground are accounted for by the terms in the denominators (see Joseph,
1966). For partly cloudy conditions (neither clear nor overcast) the
scattered radiation absorbed at the earth's surface is

s ”

s s'
S =CLS <+ (1 - CL)S 2.128
" g ( ) p ( )

where CL 1is the fractional cloudiness of the sky (see Subsection F.6).
The absorption of this radiation by the ground affects the ground tem-
perature, and subsequently affents the long-wave emission from the

ground and the ground-level heat balance (see Figs. 2.3 and 2.4).

c. The Radiation Subject to Absorption (52). The solar radia-
tion subject to absorption is distributed as heat to the various layers
in the atmosphere and to the earth's surface. The absorption is as-
sumed to depend only upon the effective water-vapor content (u*) in a
layer -- a quantity calculated from the model as previously outlined
(see Subsection F.7). The absorptivity of a layer is given by the

empirical formula

a”,0) = 0.271(u" sec ¢)0+302 (2.129)

Here the (dimensionless) coefficient 0.271 has been found by increasing
the (dimensional) coefficient 0.172 ly min-1 of the Mlugge-MSller ab-
sorption formula by 10 percent, as suggested by Manabe and MSller (1961),
and then dividing by the total radiative flux subject to absorption,
which is given by 0.3&95o = 0.692 ly min-1 according to Eq. (2.122).
For clear sky the flux of So transmitted to a level n is given by
A

s, = SA1L - aql - W3y (2.130)

and the flux absorbed in a layer between an upper level, i, and a lower

level, j, is given by

] L
AN B s: - s? (2.131)



For a cloudy sky the absorption in a cloud is calculated by assuming
an equivalent water-vapor content which will absorb the same amount of
radiation as would the cloud itself. These amounts are assumed in the
present version of the model to be

* 2
u, - 65.3 g/em for cloud type 1
1
* 2
u, = 65.3 g/cm for cloud type 2 (2.132)
2
) 2
u, = 7.6 g/cm for cloud type 3
k)

The incoming beam becomes diffuse in the cloud, and its path is assumed
to be 1.66 times the vertical thickness of the cloud. Below the cloud
the beam is st1ll diffuse, and the factor 1.66 for path length is re-
tained. Therefore we have the following expressions for the downward
flux at various levels

A" - A * * ]

S1 So[l - A(uu - ui'C) (2.133)
above the cloud at level §

Ap "

A" A ‘ » ® m *

Sm So(l - uc) '1 - A [(“. uCT)sec ¢+ 1.66 X;: uc]‘ (2.134)
inside a cloud® at level m

A" A * * * * « 11

Sj = So(l - ac) {1 - A [(uuD - uCT)sec g+ 1.66(uc + Ucp uJ)]‘
below a cloud at level }J (2.135)

The fraction Apm/Apc, which is equal to 1/2 when m = 2 and type~-l

clouds are present, has been inadvertently omitted from the model's
present FORTRAN program,



k=

where subscripts CT and CB rafer to tha cloud top and cloud bottom,
respectively, Ap is rotal pressura thickness of the cloud, and Ap
is the pressure thickneoo of the cloud above level m. The factor
(1 - uc) accounts for raflection from the cloud top.

The flux aboo:hed in a layar in a cloudy sky will, in genaral,

be A - SA - Sg » in a fashion similar to Eq. (2.131) for clear sky.

X
2
If there is a cloud top anywhere within a layer, however, the flux ab-
sorbed by that layer will not be Just the flux difference at the lev-
els above and below the layer, since there will ba a flux reflected
from the cloud top and therefore lost. Thus, for the layer between

levels 1 and j, the absorbed radiation is given by

- A" - A" _ A"
Am S1 SJ SCT a, (2.136)
2

where the last term is the flux reflected from the cloud top. When the
sky is partly cloudy, the total flux at level 1 is given by a weighted

average of the clear and overcast fluxes:

” [}
s: - CL s: + Q- CL)S: (2.137)

That part of the flux subject to absorption which is actually absorbed
by the ground is given by

A' . A
for clear sky, and by
(1 -a )52 A"
B} (2.139)

l-aa B
cg 8
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for completely cloudy (overcast) sky, where the factor 1/(1 - aa )
again accounts for multiple reflections between the ground and cloud
base. For partly cloudy skies, the radiation absorbed by the ground

is the sum

A A" Al
S =CLS + (1-cCL)S 2.140
. e ¥ ) ¢ ( )

The total solar radiation absorbed by the ground will be the sum of
that part of the solar radiation subject to (atmospheric) absorption
that is absorbed instead by the ground and that part subject to scat-
tering (atmospheric) that is absorbed by the ground. Thus, from Eqs.
(2.128) and (2.140), we have

A s
S =87 4+ 5§ 0
. 2 : (2.14))

2. Long-Wave Radiation

The calculation of the long-wave radiation, like that of the short-
wave radiation, is based on an empirical transmission function depending
primarily upon the amount of water vapor. The net upward long-wave

radiation at a level 1 can be expressed as the sum of three terms

R1 - RA + RB + C1 (2.142)

where RA 1s the radiative flux downward from the atmosphere above the
level 1, and RB 13 the flux from below. The term C was intended to
be a correction term accounting for a possible 1arge temperature dif-
ference between the level-4 air temperature, Ta, and the ground sur-~
face temperature, Tg' However, in the early stages of evolution of
the Mintz-Arakawa program the two temperatures were assumed to be
equal, and both were designated in the program with the same symbol.
At the time the program was modified to calculate the two separately,
a programming error was made whereby the terms were not changed con-

sistently. In several statements the ground temperature, Tg' is used
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in place of the air temperature TA’ and in the ground temperature cor-
rection term, Ci, the values of ground temperatures before and after
the heating cycle (Tg, Tgr) are used in place of T4 and Tgr'

In this Report we have described what the program actually does,
rather than what was intended. Those equations in which T8 was used
in place of Tb are indicated throughout Subsections G.2 and G.3 by the
symbol «. In future work, the program will be corrected and the effects
of this error will be investigated.

The term C1 in Eq. (2.142) is thus now apparently a "correction"
involving the change in the ground temperature during the heating time
interval. This term depends upon all the various heat-exchange mecha-
nisms in the program, including the other “erms involving long-wave
radiation. Therefore RA + RB 1s calculated first and the C1 term is
left until later (see Subsection G.3). A schematic overview of the
long-wave radiation balance is given in Fig. 2.5.

The fluxes at level i are given by the expressions

R, = cri‘ T, (2.143)
Rg = (GT: = oT:)?B (2.144)«

where o is here the Stefan-Bolizman constant, and the empirical trans-

mission functions are given by

* *
" T(u°° - ui) (2.145)

®
1+ T(ui)
s * T3

(2.146)

with

5 / *0.416)
t(u) =1 (1 + 1.75u (2.147)
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as found by Katayama for the Callendar water-vapor transmission func-
tion. Here u* is the effective vapor content defined in Subsection F.7,
For a clear sky, if we define Ri = RA + RB’ we have at the three levels
c=0({1=0), 0=1/2 ({ =2), and 0 = 1 {1 = 4), where radiation 1is

determined by:

*
1+ 1(u,)
4, k  * 4 4 0
Ul " - . m Tl 5
Ro oTo'r(u°° uo) + (ng oTO) 5 (2.148)
*
4 * * 4 a L= r(uz)
' . . - g . 5
RZ oTzr(uw u2) + (ng oTz) 5 (2.149)
L %
R! = oT 7 (2.150)«
4 g(u‘”)

Here the primes indicate a clear sky. To account for the abrorption
by C02, which is not included in the above expressions, the model in-
corporates a number of empirical modifications [due to Katayama (1969))
of the long-wave fluxes. We thus redefine the clear-sky fluxes given

above as

[ - '
Ro 0.820R0 (2.151)
' . ' 2.
R2 0.736R2 (2.152)
*
RA = oT: l0.6 t(u ) - 0.1] (2.153)«

which are the clear-sky expressions used in the program. The expression
for RA 1s similar to Brunt's formula.

Clouds are treated as opaque black bodies, and the cloud cover may
consist of any of the model's three cloud types. Including empirical

corrections, one uses the following expressions for the radiation in
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completely overcast skies. For cloud type 1 (top at level 1, bottom
at level 3)

*

®
14+ t(u, - u,)
ik b, * b _ b 0" %1 ,
Ro O.BZO[OTOr(u“ - uo) + (oT1 oTo) > {2.154)
Ry = 0 (2.155)
R = 0.85(oT” - or“)[1 + 3t(u*)l 4 (2.156)«
4 . g 3 3

where the double primes indicate an overcast sky and RI g RA + RB' For

cloud type 2 (top of cloud at level 2, bottom at level 3),

* *
1+ tv(u, - u,)
" oo 4 *_* 6_ 4 0 2
Ro O.BZOIUTOT(uw uo) + (oT2 oTo) 3 (2.157)
*
R! = [0.7360T%1(u" - u)]/2" (2.158)
2 2 " 2
Rz = game as for cloud 1 [Eq. (2.156)]
For cloud type 3 (top and bottom at level 3):
1+ o * *)
o 4, * _ * 4 4 Tl ~ Yy I
Ro 0.820 [oTor(um uo) + (cT3 OTO) 3 (2.159)
* *
14 1(u, - u,)
R2 0.736 [oTzr(uw u2) + (oT3 °T2) 5 (2.160)

Rz = same as for cloud type 1 [Eq. (2.156)])

TThis R; is divided by 2 because the cloud top is assumed to be an

irregular surface lying half-above, half-below level 2,
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If we now define ii as the net upward long-wave radiation for partly
cloudy skies prior to the ground-temperature correction, Ri and RI
combine to give

Ri = (1 - CL)R; + (CL)RI (2.161)

where CL is the fractional cloudiness (see Subsection F.6).

Finally, after the ground temperature has been determined using
ii and the calculated short-wave radiation (among other quantitiec, as
described in Subsection G.3 below), the long-wave radiation is calculated
in its complete form Ri by applying the correction (C) given at level 4

by
3
C, = 4oT(T__-T 2.162)«
PR 8( - 8) ( )

where 60'1‘:('1'8r - Tg) is an approximation to o('r:r - T:). The complete
long-wave flux at level 4 is thus given, according to Eq. (2.96), by

o 3
= = - '+ g - -
R& R4 + C4 (1 CL)R6 (CL)R6 60'1'8('1'8r Tg) (2.163)

At levels 2 and O the complete long-wave flux is similarly given by

~ ~ *
R2 = R2 + C2 = R2 + 0.8(1 - CL)Car(uz) (2.164)

~ ~ ®
Ry = RO +Cy ™ Ry + 0.8(1 - CL)Cér(uo) (2.165)

where R is glven by Eq. (2.161) and C4 by (2.162), and where the coef-
ficient 0.8 is the correction factor for CO2 absorption. These are the
long-wave radiation fluxes calculated in tie program as the net trans-

fers at the levels 4, 2, and 0, and are used in the preparation of the



long-wave radiative budgets for the layers 0 to 2 and 2 to 4 as well as
for the surface (level-4) radiation budget in the output programs (see

Chapter IV)., The various components of these long-wave fluxes are sum-
marized in Fig. 2.6.

3. Heat Balance at the Ground

The ground temperaturze, Tgr' as corrected for surface radiation
and as used to find the ewvaporation, is itself obtained from the heat
balance at the ground. The treatment of the heating of the ground de-
pends first of all upon the character of the ground or underlying
surface.

If the surface is ice-free ocean, it is considered to be an in-
finite heat reservoir whose surface temperatur:, Ts, is a specified
function of position and does not change during the heating time
interval (5At). The new ground temperature, Tgt' is set equal to the
old Tg'

Where the surface is bare land, snow-covered land, or ice-covered
land, the ground is considered to be a perfect insulator with zero
heat capacity. For these types of ground, the total flux of heat
across the air/ground interface must be zero, according to

R, +T +H_ - Sg =) (2.166)

4 E

where Ra is the long-wave radiation emitted from the surface, I' is the
sensible heat flux from the surface, HE is the flux of latent heat due
to evaporation from the surface, and SS is the solar radiation absorbed
by the ground.

For ice-covered ocean, the surface heat balance is modified to in-
clude conduction of heat through the ice, E, in which case Eq. (2.166)

is changed to read

R6 +T + HE - S8 = B w B(To - Tgr) (2.167)«
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where To equals the freezing point of seawater (273.1 deg K). Equa-
tion (2.167) is applicable to the land, snow- and ice-covered land
surfaces too, if we define B = 0 for these locations; for sea ice the
conduction coefficient B 1s equal to 1.44 ly day - deg-l, found from an
assumed thermal conductivity of 0.005 ly cm sec-1 deg-1 and an ice
thickness of 300 ecm. Note that, except for the solar radiation, these
heating terms depend upon the as-yet-undetermined new value of the
ground temperature, Tgr’ as well as upon the old value, Tg, upon the
temperature of the air, TA’ or upon the freezing point of sea water,
To.

The heating terms are given by

- & b

RA RA + c(Tgr Tg) (2.168)«
where R is the long-wave radiation without the ground-temperature cor-
rection as given by Eq. (2.161) and 0(’1‘:r - T:) is the ''correction"

term. (See, however, Subsection G.2.) The sensible (turbulent) heat
flux, I', 1s given by

= CF(Tgr - T4) (2.169)
where

Cr = pdcpCDw (2.170)

where W is the surface wind speed, as corrected for gustiness in Eq.

(2.78). The latent heat flux is given by

. dq_(T ) '
Hp = LE = C| c—plc;w qs(Tg) + ———B—d,r (Tgr - Tg) - qa‘ (2.171)
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where Eqs. (2,108) and (2.109) have been used to evaluate the evaporation.
Substituting Eqs. (2.168), (2.169), and (2. 171) for R4’
and H into the heat-balance equation, (2.167), and approximating

o(Tgr - Tg) by 40T (T -T ), we can solve for the unknown ground tem-

perature Tgr' Thus we have

L dq (To) ~ 4
Cr Ty + o, + oS g 9 (T + 8, = R, + 4ot + BT

P

T =

gr dq_(T )
|1+ 5 & o + 40T + B
r c dT g

(2.172)

Having found Tgr’ we can complete the calculation of the individual
radiation and heating terms R4 (and RZ’ Ro as in Subsection G.2), I' and
HE from Eqs. (2.167) to (2.171), and the surface evaporation, E, from Eq.
(2,108). The equations are applicable to an ocean surface as well as to
land, ice, and snow: for oceans, Tgr = Tg’ some of the terms will be
zero, and there will be no correction terms for the long-wave radiation;
for ice and snow, if the calculated value of Tg is greater than To
(= 273.1 deg K) it is set equal to T,

4. Heat Budget of the Atmosphere

The heat balance is maintained at the ground through the calcu-
lated ground temperature (see previous section), and at the levels 3
and 1 by means of the diabatic heating terms on the right-hand sides
of Eqs. (2.31) and (2.32). After the temperature changes due to con-
vective adjustment (see Subsection F.1), no further change is made
until the end of all the radiation- and moisture-balance calculations,
Then the change in temperature over the interval 5At at levels 3 and

1 is given by

H3 = SAtH3

- (A3 + R4 - R2 + F)(Zg/ncp)SAt + (AT3)CM + (AT3)CP + (AT3)Ls (2.173)
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Hl = 5AtH1

= (A1 + R2 - Ro)(2g/ncp)5At + (ATl)CM + (ATl)CP (2.174)

Here Al and A3 are the net absorption of solar radiation at the levels

1 and 3 (see Subsection G.1), R4 - R2 and R2 - Ro are the long-wave ra-
diation absorbed in the layers 4-2 and 2-0 (see Subsections G.2 and G.3),
and T is the sensible heat flux (see Subsection G.3). The (AT) terms
are the latent heat released during large-scale condensation (LS) [Eq.
(2.47)], middle-level convection (CM) [Eqs. (2.73) and (2.74)], and
penetrating convection (CP) [Egs. (2.101) and (2.102)) (see Subsec~

tions F.2 and F.3), The factor 5At is the time interval between heat-
ing calculations, and together with the factor 2g/1rcp converts the heat-
ing rate to the layers' temperature change.

There is some smoothing of the heating as given by Eqs. (2.173) and
(2.174) in both the vertical and horizontal directions before the tem-
peratures T1 and T3 are redefined at the end of the time interval. The
average heating, H = 1/2(H1 + H3), is first weighted according to the
area of the grid cell surrounding the n point, and is then subjected to
a 9-point areal smoothing with the central heating value weighted by 1/4,
the four values to the north, south, east, and west each weighted by 1/8,
and the four values to the northeast, northwest, southeast, and gouthwest
each weighted by 1/16. If we denote the result of this smoothing opera-
tion on H by EA, the final temperatures, after correction for diabatic

heating at levels 1 and 3, are determined from

H H

Tl'Ti+2—-2—+ﬁ (2.175)

H H
&= [] 3 - 1 _‘A
T3 T3 + 7 ~3 +H (2.176)

where Ti and Té are the temperatures at levels 1 ind 3 before the cor-

rection for diabatic heating.
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Preceding page blank

III. MODEL DESCRIPTION -- NUMERICS

Equations (2.27) to (2.33) and Eq. (2.35) form a set of eight
prognostic equations for the eight dependent variables (ul, Ves Uy
Vs Tl' T3, n, and q3). The time-extrapolation method and the hori-
zontal finite-difference schemes used to solve these equations were
developed by Professor Arakawa at UCLA and are discussed in the fol-
lowing sections. For convenience, Eqs. (2.27) to (2.33) and Eq. (2.35)
have been restated in Tables 3.1 to 3.4 and Table 3.6, where the sub-
sections describing the numerical treatment of each ferm are indicated,
along with the location in the FORTRAN program where each term is eval-
uated. The diagnostic equation for the vertical velocity [Eq. (2.34)]
1s given a similar treatment in Table 3.5. In the present chapter,
particular attention has been given to the preparation of a systematic
statement of the przcise finite-difference approximations actually used
in the programmed numerical solution of the model. The smoothing pro-
cedures, provisions for global mass conservation, and the various pa-

rameters and constants used in the model are alsa summua.ized here.

A. TIME FINITE DIFFERENCES

1. The General Scheme of Time Extrapolation

From the equations in Tables 3.1 to 3.4 and Table 3.6, we can ob-

tain expressions for the tendencies of the dependent variables (y = u

1’
Vis .«.) at the point 1j in the general form
[a(n )] =D + 8§ (3.1)
at ¥ v
1)
while the Pressure-tendency equation is written in the form
[%’tl] =D (3.2)
1)
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The expression S represents the friction terms in the momentum equa-

v
tions, the diabatic heating term in the energy equation, or the mois-
ture source term in the moisture equation. These terms will be re-

ferred to collectively as the 'source terms.' All the other terms are

included in the expression D Both D  and Sw are complicated finite-

difference expressinns 1nv0131ng the i:dcpendent variables and the de-
pendent variables at 1j and neighboring points.

In the time-extrapolation method used in this model, the source
terms are evaluated every fifth time step. The remaining terms (Dw)
are evaluated each time step by means of a sequence of uncentered and
centered horizontal differences. Thus, the time extrapolation pro-
ceeds in a repeated sequence of five individual time steps of At each.
The first four time steps consist of two substages each, and the fifth
time step consists of three substages. The first substage, which is
identical in all five time steps, provides a preliminary estimate of
the dependent variables for time T + n by evaluating Dw using values
of the dependent variables at time T + (n - 1). The second substage
obtains a final estimate of the dependent variables using the prelim-
inary estimates to evaluatn Dw with the horizontal-difference scheme
appropriate to the positicn in the five-step sequence. The special
third substage in the fifth time step consists of evaluating the source
terms using values of the dependent variables obtained from the second
substage. An outline of this procedure is shown in Fig. 3.1, and each

substage of the time step is described below.

2. Preliminary Estimate of the Dependent Variables (All Time Steps)

The preliminary estimate (identified in the FORTRAN code by the
flag MRCH=1) is obtained using a forward time step and evaluating Dw
by a centered horizontal difference. However, the horizontal and ver-
tical advection terms and the Coriolis force term of Dw are advanced
only a half time step, while the remaining terms are advanced a full
time step (At). Thus, from Eq. (3.1) for the momentum, energy, and

moisture equations we have, upon omitting the source terms,
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N 1+l T At T T
(n‘l‘)ij = (n‘l‘)ij + Z_Aw(." » u 1 ] "')ij
T T
+ AtRw(w , U, ...)ij (3.3)

where Aw represerts the advection terms in DW’ RW = Dw - AW represents

the remaining terms of D , the superscript T refers to values at time

v
T, and the caret is used to indicate the preliminary estimate of a

quantity. Similarly, the pressure-tendency equation (3.2) becomes

T

1)

T

Myt = ], + a0 (7, (3.4)

5 ...)ij

The first estimate of the dependent variables y is therefore given
by Eqs. (3.3) and (3.4) as

I
- (3.5)
i) Ar+l
nij

which serves to remove the N weighting of the variables. As noted pre-
viously, this procedure i1s used as a preliminary estimate in each time

step of the numerical integration.

3. Final Estimate of the Dependent Variables (Time Steps 1 to 4)

Using the preliminary estimates given above, the final estimates
of the dependent variables at the nth time step of the sequence n = 1,

2, 3, 4 become

@i = a3 sam @, 4, Ly, (3.6)
™ _ . 1+(n-1) A A
nij qij + AtDW(n' u, ...)ij 3.7)

from which we calculate
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+n
Bt (3.8)
Yy T '
13

When n = 1 an up-right uncentered horizontal space difference is used
(identified by the flag MRCH=3); whén n = 2, a down-left uncentered
horizontal space difference 1s used (identified by the flag MRCH=4),
and when n = 3 or 4, a centered horizontal space difference is used
(identified by the flag MRCH=2). The case for n = 5 is considered
below.

4. Final Estimate of the Dependent Variables (Time Step 5)

The first two substages of the fifth time step (n = 5) are per-
formed as described above by Eqs. (3.6) to (3.8). If we represent
the variables at the end of the second substage of the fifth time step
by a tilde, ( ), the final estimates become

+5
S (; . uT+5 A
™5 _ oy TS : v ’ 11
nij

The final estimate at every fifth time step thus incroduces the source
terms (as evaluated in subroutines COMP 3 and COMP 4), and weights them
for the full 5At time interval. Because the continuity (or pressure-
tendency) equation (3.2) 1is source free, the value of Hijs is given
directly by the final estimate [Eq. (3.7)) forn = -,

Upon the completion of this time step, the sequence of five steps
begins again. The flow of this time-integration procedure is controlled
by subroutine STEP (steps 1850 to 2280). The horizontal finite-difference
expressions used in the determination of the terms Sw, DW' and R  are

]
given below,
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B. HORIZONTAL FINITE DIFFERENCES

1. The Horizontal Finite-Difference Grid

The earth's surface is represented in the numerical calculations
by a rectangular grid of points extending from pole to pole, an arbi-
trary point of which is designated 1j and identified by (J,I) in the
cod:e.Jr The 180th meridian is represented by the set of points (1,]3),
the longitude 175W by the points (2,j), ete., the South Pole by (1,1),
and the North Pole by (i,J); the equator is not a member of this grid,
but corresponds to the value j = 23!%. This set of primary grid points
can be regarded 2s the centers cI cne network of rectangular cells
outlined by dashed lines in Fig. (3.2). The velocity variables u and
v are carried at the corners of the cells (designated by + in the fig-
ure), the west/east mass flux u* at the midpoints of the vertical
sides (designated >), and the south/north mass flux v* at the midpoint
of the horizontal sides (designated A). All other quantities are car-
ried at the midpoint of the cells (designated o). The values of u
and v at the lower right-hand corner of the cell (i,]) are denofed by
the value of u* on the right-hand side of the cell by u:j,
In the re-

u,, and v
1] 1y’ * *

and the value of v on the lower side of the cell by vij'

mainder of the text, the points o, +, >, and A will be referred to as

"n points," "u,v points, u* points," and "v* points," respectively.
It may be noted that the poles are ''m points," while the points at the
equator are "u,v points.'

The grid-point separation factors m and n represent the geograph-
ical distance between grid points, and are defined by Eqs. (2.18) and
(2.19). The factors m,n and the area (mn) of the cells surrounding
the n points are computed in subroutine MAGFAC (steps 14360 to 14850),

where the following quantities are defined:

+For purposes of computational efficiency, the notation (J,I),
14sting the y-index J first, is used in the FORTRAN code in lieu of
the more conventional (I,J) notation. When reproducing specific
FORTRAN statements this (J,1) notation, where J = 1, 2, ..., JM and
I=1,2, ..., IM, will be used. Elsewhere, the notation (1,j), where
i=1,2, ..., Tand =1, 2, ..., J, will be used.
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Fig. 3.2 -- The horizontal finite-difference grid with zonal index i
and meridional index j. Here the open circles (o) repre-
sent grid points of the primary or n grid at which v, T,
q, and ¢ are carried, while the plus (+) signs represent
points at which u and v are carried (the u,v grid). The
carets (A and >) denote points of supplementary grids at
which the northward and eastward mass fluxes v* and u*
are determined.
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LAT()) = @, = 49() - 224 1s9<3 (3.10)

DXP(j) = aAX cos qa l1<3s3J (3.11)

DXU(§) = aA) % (cos ¢J + cos ¢3_1) (3.12)
=% [DXP(J) + DXP(J-1)] l<jc<y

DYU(J) 8(¢3 - %,_q) =22 (3.13)

3-1

DYU(1) = DYU(2)

1
DYP(J) = a 3 (<pj+1 - <pj_1) (3.14)
- % [DYU(§+1) + DYU(])] 2<4<3
DYP(1) = DYU(2)
DYP(J) = DYU(J)
DXYP(§) = DYP(§) -[—I’-xﬂfj%-—-u)—] 2<453 (3.15)

1

DXYP(1) = 35 DXU(2) %

DXYP(J) = %

pxu(sy 2200

These quantities are illustrated in Figs. 3.3 to 3.5. From Fig.
3.2 we see that 7 and u* are carried at the same latitudes, whereas u, v,
v* are carried at intermediate latitudes. Thus, the factors m,n cen-
tered at 7 or u* points are given by DXP and DYP, whereas those centered
at u, v, or v* points are given by DXU and DYU. In this scheme the
pressure (n) is thus given at the poles but not at the equator, whereas

the velocity (u,v) is given at the equator but not at the poles.
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Fig. 3.3 -- The map metric n, the meridional distance between
grid points. At latitude ¢j, n = DYP is the north/
south distance between points of the u,v grid (and
between points of the v* grid), while n = DYU gives
the corresponding distance between points of the
T grid (and between points of the u* grid).
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Fig. 3.4 -- The map metric m, the zonal distance between grid
points. At latitude @;, m = DXP is the east /west
distance between points of the 7 grid (and between
points of the u* grid), while m = DXU gives the
corresponding distance between points of the
u,v grid (and between points of the v* grid).
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DXYP surrounding a point of the n grid (a).

At the north and south poles (j=J and j=1) this area is

identified as the shaded regions shown in (b) and (c),

respectively.
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2. Finite-Difference Notation

The [J,I] indexing used in the FORTRAN code is identical for each
o£ the fou: grid networks described above. That is, T Yyr and vy
uJI’ and vJ all have the same index, (J,I), but each of these i1s car-
ried and computed at ¢ifferent points in the horizontal finite ~difference
grid. It is convenien* » therefore, to define m—, u,v-, u -, and v*-
centered notations to be used in formulating the finite-difference ex-
pPressions. These notations are 1]lustrated in Figs. 3.6 to 3.9. Here
the index used fcr the finite-difference expressions is given below
each point, and the [J,1] index used in the FORTRAN code 1is given above
each point. These figures facilitate the transformation of the finite-
difference expressions given below into the equivalent FORTRAN state-
ments found in the program itself (see Chapter VII),

It is also convenient to introduce a notation for the grid-point
separation factors (the horizontal distances between grid points on the
surface of the earth). For each of the 7-, u,v-, u*-, and v*-centered
notations (see Figs. 3.6 to 3. 9), m L1 Mg and m, will denote the dis-
tance from -20 to 00, from -10 to 10, and from 00 to 02, respectively,
Similarly, n -1* Ppo and n, will denote the distance from 0-2 to 00,
from 0-1 to 01, and from 00 to 02, respectively. The numerical values
of L) no, etc. are given in Eqs. (3.11) to (3.15). For example, when
T= Or u -centered notation is used, m, and m, +q are given by DXP(}), 20
by DYP(J), n_ by DYU(3), and n, by DYU(3+1), whereas when u,v- or v -
centered notation is used, m, and m,, are given by DXU(J), 1, by DYU(}),
n_, by DYP(3-1), and n, by DYP(jJ).

In the following subsections, variables at the two vertical levels
will be indicated by the subscript £, with ¢ = 1 denoting the (upper)
level 9y and £ = 3 denoting the (lower) level Oqe In the FORTRAN code
the index L is used to indicate the levels, with L = 1 denoting the lev-
el 9 and L = 2 denoting the level 03.

3. Preparation for Time Extrapolation

At the beginning of each time step the dependent variables are

transformed into a set of pressure-area-weighted variables. This trang-
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formation is performed at the beginning of subroutine COMP 1 (steps
2500 to 2680). For the quantities carried at 7 points (m, T, T3, and q3)

the transformation is straightforward, and is given by

HOO = (mn)oo'noo (3.16)
(M) 00 = ™g0"00" 5,00 (3.17)
(Hq)3’oo = (mn)00"00q3,00 (3.18)

where (mn)00 is the m-centered area DXYP(J) (see Fig. 3.5).
For the transformation of the velocity components we similarly

write (in u,v-centered notation)

u
(M) ¢ 00 = Moo%e,00
(3.19)

u
(M), 90 = 00,00

where the u,v-centered area-weighted I is defined in u,v-centered nota-

tion as

u 1
Moo = Z [(mn)_lln_ll + (mn)llﬂll +(m)_; "9 7 (mn)l-lnl-l]

for 2 < 3§ sJ-1 (3.20)
with the polar expressions

u

1 —
n0,p+1 "3 [(m“)-l,p+2"-1,p+z i (m“)l,p+2"1,p+2] + (mn)i’lwi’1 (3.21)

u 1 =
nO,p-l 4 [(mn)_l’p_zn_l’p_2 + (mn)l’p_znl’p_z] + (mn)i,J"i,J (3.22)
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where p denotes the South or North Pole, and where

"1,1 ol ; "1,1 (3.23)
and

ERET I S (3.24)

1,01 1,3

i=1

The quantities given by Eqs. (3.20) to (3.24) are illustrated in Fig,
3.10. Note that since the poles are mapped into I grid points, Egs.

(3.23) and (3.24) provide unique values of m for all I grid points of
the South and North Poles. The other dependent variables carried at

the poles (Tl’ T3, and q3) and quantities computed at the poles, such
as the mass convergence discussed in the next section, are similarly

averaged. The polar adjustment of m, Tl’ T3, and q, is performed in

subroutine COMP 2 (steps 6410 to 6560).

C. SOLUTION OF THE DIFFERENCE EQUATIONS

1. The Mass Flux

The west/east and south/north mass fluxes are defined by Egs. (2.25)
and (2.26). These quantities require three finite-difference approxi-
mations corresponding to the three space-difference schemes (the up-
right, down-left, and centered) used during the cycle of the time in-
tegration. Furthermore, u* 1% xiven a longitudinal smoothing to avoid
computational instability resulting from the decrease in the longitu-
dinal spacing as the poles are approached. The mass-flux parameters are
computed in subroutine COMP 1 (steps 2710 to 2950) and the longitudinal
smoothing of u* is performed in subroutine AVRX(K).

In the v*-centered notation (see Fig. 3.9), the south/north mass

*
flux v at the level 2 becomes

P S N———
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Fig. 3.10 -- Illustration of the area-pressure weighting function MY centered
at u,v points. At non-polar points, MY is the sum of the four
shaded areas shown in (a), each weighted by its adjacent value
of n; at polar points, MU ig given by the sum of the three shaded
areas shown in (b) weighted by the indicated values of .
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(v + v ) (m., + 7 )
( 2,-10 ~ "2,10° ‘"o1 T To-1 (

m > 5 } MRCH = 1 or 2

x (o1 + Tp-1)
v0,00 = Y. 10 5 >when ¢ MRCH = 3 (3.25)

(m oy + 7. )
01 " "0-1

MYy _10 5 ) MRCH = 4 )

*
The west/east mass flux u is computed in three stages. First,

(nu) at the level ¢ is computed according to

n.u +n .u
172,01 . -172,0-1 e 1 o
(nu)) o = { "% 01 when { MRCH = 3 (3.26)
"_1%,0-1 R = 4 |

*
where u -centered notation has been used (see Fig. 3.8). Second, the

values of (nu)2 00 Te smoothed in subroutine AVRX(K) using a three-
?

point zonal smoothing routine that may be represented by

(;3)2,00 = Ao(nu)g’_lo + (1 - ) (au)y o0 + Ag(au), (3.27)

, 10

where AO i1s the weighting factor of the smoothing routine. This smooth-
Ing procedure is described further in Section D below. After this cal-

*
culation, the west/east mass flux u at the level ? is finally computed
from

Yoo (10 * "10)

%* —
Y2,00 © (““)n,oo 2 (3.28)

where the superscript NO denotes the smoothed resul: after application

of the subroutine AVRX(K) NO times (see Section D).
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*  and
4,120

*
uiJ) has no meaning. However, to determine the advection of momentum

*
At this point it should be noted that u at the poles (u
*
in the polar caps, an equivalent u at the poles is defined. The rou-
*
tine used to compute this equivalent polar u 1is described in Subsec-

tion C.3 below.

2. Continuity Equation

The prognostic equation (2.33) for the pressure tendency and the
diagnostic equation (2.34) for the vertical-velocity term may be re-

written in terms of the mass convergence at levels 1 and 3. Thus,

a* 5 j- :'_l.l
Y e Y 3.29
ot 2 \3x 3y 2\ex oy )
T 3 Sur ave
. 1(%1 V1), 1(%% Y3
'2<F a-y—>+2<ax * 3%y (3.30)

Tn the m-centered notation (see Fig. 3.6), the mass convergence at all

grid points, except the poles, is given by

* * % *

= (4 10" Y,m10 t (vg,01 ~ vy,0-1

2<jy<J-1 (3.31)
*
Only the south/north mass flux (v ) contributes to the total mass

convergence within the polar cap. The total mass convergence at the

South and North Poles is therefore given by

*
CONVz,l - 1_21 Yy 1,pHl (3.32)

s
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I *
CONV2 =as (3033)

»J Egi vzti!p-l

while the mass convergence attributed to each of the I sectors of the

polar caps is given by

: < 1 *
couvl’i’1 T 12:'1 Ve ptl (3.34)
I
1 *
CONVQ’i’J T 21 vl,i,p-l (3.35)

Thus, Eqs. (3.29) and (3.30) may be written in the computational forms

1
('BT) s b (coxwl’00 + CONV, o) (3.36)
00
. 1
S00 - 7 (CONV3’00 - CONVI,OO) (3.37)
for an arbitrary point outside the polar cap,
M w1 cony + CONV ) (3.38)
ot 1.1 2 1,i,1 3,1,1
’
1
51,0 77 (CONVy 4 ) = oWy ) ‘B2
at the South Pole, and
ol 1
(XE) g (CONV) gt COW, ) LD
1,J
. 1
1,03 (cox«v;"i’J - cowl’i’J) (3.41)

at the North Pole.
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Horizontal Advection of Momentum

The horizontal advection of momentum at the u, 6 v-grid point 1,]

and at the level £ is approximated in the equations of motion (2.27)

to (2.30) by

and

[%; (u*v) + %;-(v*v)]
*

9 * ) *
[5; (uu) + 3;-(v u)]2

2,1,]

-4

vU o Ndr

(3.42)

(3.43)

* *
where U 1s a vector in the x,y plane with u and v as its x and y

-
components, and N is the outward unit vector normal to the contour T

of the rectangular grid defined by the four m points surrounding the

u-grid point 1,3 (see Fig. 3.11).
To evaluate the integrals in Eqs. (3.42) and (3.43) the contour

I' is divided into eight segments.

*
U + N is defined (using u,v-centered notation) as

| | | n
wir - N1 wino

| |
[« Y120

wiro - N[5 wieo

RN

&= N &=

N =

FA

&=

[u

[u

[v

[v*

Ny

N =

* + * + *
01 u u

1

O +
o1t Unl t 50 7 [V vyl

* + *
10"V

x 1
20t Vool - %

* + * + *
[ugy +uyy +u

*

* 1
lugg + vpq] =% " 7 [Vogo * Ve

Along each of the eight s«~gments,

*

1

+ *
21 2-1 ¥ Ypq 1

*

5 * X
YRAATRARTIF

+ *
—2-1 ¥ Y b

*

1. % *
3 [ugy +u s

1,

along ab

along bec

along cd

along de

along ef

along fg

along gh

along ha

(3.44)
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Fig. 3.11 -- Schematic representation of the fluxes U,V and G,V on the
grid cell surrounding a point of the u,v grid (identified
by 00 in u,v notation; see Fig. 3.7).



-88-

With these definitions, Eqs. (3.42) and (3.43) become

LR, 1 i
[52 (uu) + 55 (v “’]00 "2 [Ulo(“oo * u0) ~ Uipoog0 * Yoo

*+ Vo1(ugo * Up2) = Voo1(Ug-z + Ugg) * Upp(ugy + uyg)

~

= U1 Fugg) + Vg (Mg )

- V1-1(“2-2 + uoo)] (3.45)

3 k3 ok 1 )
[3§ @) # = (v Véloo 7 [”10‘”00 * V900~ U0Wog0 * Voo

*Y91M0 * V02) T V5-100-2 * Voo * V11 Mo * Vo)

U Vg g+ ) T Ve V) = Ty, 4 voo)] (G 55)
at all points outside the polar cap. In Eqs. (3.44) to (3.46) the sub-
script £ has been dropped, and it should be understood that these ex-
pressions for the horizontal advection are valid for £ = 1 and 3.

The momentum advection within the polar cap requires special treat-
ment. In Fig. 3.11 it can be seen that when the unit square represents
a north polar sector, the fluxes 6-11' vOl’ and ﬁll represent advection
across the pole. Physically, advection can occur across the pole only
from a single sector to that sector separated by 180 deg of longitude.
and U, are

-11° Vo1 11
not defined. However, the fluxes U_10 and U10 represent advection be-

Thus, transpolar advection is not calculated and V

tween adjacent sectors within the polar cap, but the definitions for
*
these fluxes [Eq. (3,44)) break down since u is not defined at the
*
poles. To circumvent this, a polar u 1is determined in subroutine

COMP 1 (steps 2790 to 3230) so that the near-polar U are given by

1/ * 1 * " * + * 3.4
Us1,p-1 " 6 (“o,J Y42,0 T Yo,p-2 “:2,p-2) (3.47)
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and the continuity equation

u

0,p~1 Y

3
3t Mo,p-1" * V1,51 7 Vo pm1 ™ Vo, p-2

u

~ ~ .

- U-l’p-z - v]_,p-z - So,p-l = 0 (3048)

1s satisfied for each of the north polar sectors. Here u,v-centered
WU

notation has been used, and the definition of S0 p-1 is givan in the
]

next subsection.
It is shown by Langlois and Kwok (1969) that under the above con-
*
ditions u at a polar grid point i,J is given by

i=1

» 1y 49
IR VR 3D DR (3:49)

where wi is given by

*! *! ! 1-1 *!
V1 = 05 Uy Vg ns V3 m Vg 0 F Vg ns ey Yy = kz_:l Vi+1/2°

iw2,3 «.,I (3.50)

and

1y
I )

-
—

*! *

Vie1/2 © Vi+1/2,p-1 T (3.51)

*

.

In Eqs. (3.50) ani (3.51) the fractional values of the index i1 are used
to denote the v*—grid poiuts to the right of the u,v-grid point (1,p-1).
Similar expressions can be derived for the South Pole.

. If we use Eqs. (3.49) to (3.51) to determine the values of u;,J and
utZ,J in Eq. (3.47), the polar horizontal advection of momentum in u,v-

centered notation becomes
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3 k. 3,k i
[3?'(“ u) + 55 (v “)] "2 [Ul,p+1(u0,p+l * Uy o)

0,p+l
= Uy, 12, pe1 * Y0, p Pt Vo,p42%, pr1 T Y0, pr3)
A A P RS L Y R u_z‘p+3)] (3.52)
and
3 k. Dk 1
[3; (uv) + Wy (v v)]o 3 [Ul,p+l(v0,p+1 + v2,p+1)
» P+l
= Uy, 1 Vo2, i1 T V0,001’ t Vo, pe20,pr1 T Vo, ped)
+ Ul,p+2(v0,p+1 + v2,p+3) + v-l,p+2(v0,p+1 + v-2,p+3)] (3.53)
at the South Pole, and
3,k 3,k 1
[H (uu) + 3_}" (v u)] = 3 [Ul,p-l(uo,p-l + uz,p-l)
0,p-1
=V g,p-102,p-1 F Y9, p-1) " Vo,p-2%,p-3 * Y0,p-1’
“ g 2o o * Y0,pet) 7 T, pe2 g, pes ¥ Vo)) G459
and
3,k 3k 1
e« +F o v] 3 (11,0100, p1 * 2,50
0,p-1
= Vy,p-1922,p-1 % Y0,p-1 " V0,p-2%%,p-3 * Vo,p-1
ST p2eapes * 0,01 o2 e * Yo,per)] G4

at the North Pole.
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4, Vertical Advection of Momentum

In Subsection C.2 the vertical velocity parameter S is defined at
n-grid points [Eqs. (3.37), (3.39), and (3.41)]. However, for use in
the momentum equations, a éu, analogous to N [Eqs. (3.20) to (3.24)]
must be defined at u,v-grid points. Thus, at u,v points outside the

polar cap the vertical advection term in u,v-centered notation is given

by

(u +u ) . .
1,00 ¥ Y300’ su _ I ; . o
e 800 " U,00 351 t Sip F Sip t S (3436)
and at the poles by
“1,0,p41 * ¥3,0,p00) R Les + 8 )+ § (3.57)
2 0,p+1 = Y2,0,p+1 [ 5-1,p42 T 51,p42 1,1
and
(u +u [] . -:
1,0,p-1_ 3,0,p=1 gu X + + 5 3.58
= S0,p-1 = U2,0,p-1| 5¢51,p-2 ¥ S1,p-2) * 54,5 B39
where
N 1 I,
51,071 1";1 54,1 (3.59)
and
5. 1 L
51,01 2 54,3 (3.60)



5. Coriolis Force

To evaluate the Coriolis force term in the momentum equations,
the parameter F [Eq. (2.24)] and the Coriolis parameter f = 20 sin ¢
are the first obtained at the m-grid points. The Coriolis parameter
1s computed in subroutine MAGFAC (steps 14710 to 14750). In terms of

T-centered notation it is defined as

a
fOO =0 m [(cos (P_z + cos (PO)m-l

- (cos ¢b + cos ¢b)m1] (3.61)

Equation (3.61) can be reduced to

cos <P - CO0S <P
£ = -20 2 =2
00 %, - %,

which is a finite-difference analog of
f-ZQsintp--ZQa—(c-g%—(&)-

At the poles f is given by
fJ =0 ?53;; [(cos ¢& + cos ¢h_1)mJ] (3.62)

and

£ = f (3.63)
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With the Coriolis parameter defined by Eqs. (3.61) to (3.63), the

finite-difference form of Eq. (2.24) in m-centered notation becomes

1

Foo = (M) gofpg = 7 (uogy +uyy +u

1-1 + u_l_l)(m1 - m_l) (3.64)

Finally, the Coriolis term at a u,v-grid poirt is represented in

terms of F at the four surrounding 7 points by

A i M o= il
2,00 " 3 ) )
. (r_gy *7pp) Flgy *F ) . o
) ) 2,00 :
B, = (g *may) Py +Fy)
2,00 = 2 ) )
. (Mg * 7)) Gy * ) Y 2
) ) 2,00 :

where u,v-centered notation has been used.

6. Pressure-Gradient Force

The pressure-gradient force terms require a treatmenf'analogous
to that for the mass flux discussed in Subsection C.1. That is, they
require three finite-difference approximations corresponding to the
three space-difference schemes used during the cycle of the time in-
tegration, and the pressure-gradient terms of the u-momentum equation

are smoothed using subroutine AVRX(K), as discussed in Subsection C.1.

In u,v-centered notation, the pressure-gradient force in the u-

momentum equation [Eqs. (2.27) and (2.29)] is given by



Oty

n N

0 - 0
=g (O gy # ) yy = 0y qp) *TGomay) g+ (oymayy dlmyy = my))

N
n
R O A R (RIS CACR IR ICHTE Y

0

when MRCH = 1 or 2

n N
0 - 0
=7 (O + om0y gy = 0 ) F TGoma) gy * (9pmap)yy Jmy = myy))

when MRCH = 3

n No
0 Z
= {(“-1-1.+"1-1)(¢2,1-1 - ¢2'_1_1) + [(oyma))_, ; + (o,ma,);_41(m 4 “-1-1)}

when MRCH = 4

(3.67)

N

where ( ) s indicates the smoothing procedure in subroutine AVRX(K)
and ¢2 is the geopotential at the levels £ = 1 and 3 defined by Egs.
(2.16) and (2.17). The geopotential is evaluated at 7 points in sub-
routine COMP 2 (steps 5260 to 5430).

For the v-momentum equations [Eqs. (2.28) and (2.30)] the pressure-
gradient force is given by
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+ u
‘ 1] "1 7 "4 11 " "1 _
- mol 2 [ 7 (0g,-11 " % ,-1-10 Y T3 (¢g,11 = %,1-1)
(o,ma,) + (o,ma,) ,_
L1 22" -1 %711 v )
2 2 -11 - "-1-1
. (0gmap)yy + (pm9g)y A )
/] 11" "1 ’

when MRCH = 1 or 2

Tt e e (ogmagdyy + (ogmapdyy oo
=M 7 %11 " %11 7 11 -~ "1

when MRCH = 3

(o ma.) + (o, 7a,)
2% )-11 2 "%)1-1 )
- b))t 2 (3 1'-1-1)]

when MRCH = 4

(3.68)

7. Horizontal Advection of Temperature

The horizontal advection of temperature at the level £ and for an
arbitrary n point at the latitudes from ¢5 to qb_z is given in mw-cen-

tered notation as

3 * 3 * * *
5; (uT) + 3; (vT L 00 (u T)‘L’10 - (u T)l’_10
]

* *
+ (v T - (vT (3.69)

2,01 £,0-1



where

*

1
2,+10 = Y2,210 7 (To,00 * Ty, 120 (3.70)

*
(u'T)
and

T (3.71)

* * 1
) - =
(VT o021 = Ve,001 2 To,00 * Ta,0:2)
At the poles only the south/north mass flux contributes to the
advection of temperature. Thus, for the South Pole, Eq. (3.69) re-

duces to

[3 W' + & ¢ *r)] v*1) (3.72)
— u —— v = v .
3% 3y 4001 2,0,p+1
where
7,01 ‘z 0 )
* * *
T =
V' Dy,0,041 ™ Va,0,p41 1 Ve 0,ph I ‘ @73
T!L,O,p+2 <0
while at the North Pole it reduces to
3 * 3 * *
[ax 3y ) £,0,J Ty 0,p-1 o)
where
) Te,0,3 <0
*
) £ v (3.75)

£,0,p-1 B vl,o,p-l vl,O,p—l
T9.,0,p-2 l >0 s
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At the latitude2 q& and q& 1 (the points (i, p¢2) in m-centered
notation] the west/east adveation term (2-u T) is given a special
treatment. The form of the total ndvoctlon term, analogous to Eq.
(3.69), is given at these latitudes by

RPN T ‘ g
[3; (bT) + £ (v T)]'"O.p22 (u T)t,l.pzz = (u T)t. -1,pe2

* '
t (v T)l.O.P$3 P (v T)loooptl (3.76)

with (v*T) given by Eqs. (3.73) and (3.75), and with
£,0,p*l

[

* * -
vy 0,43 = V2,0,pe3 2 To,0,pe2 ¥ Ta,0,ps4) (3.77)

T
. £,2,p*2
(uT)

£,1,ps2
: L+ of

fFuzna) <2
* x
2,1,p+2 © Yp,1,p#2 l ’ if v (3.78)

1=2,p22

»0,p*2
£,-1,p*2 £,-1,p*2
Ty,0

L
‘Tz 1 . ‘ 20 I
®
(') -y l ‘ o ouy oo (3.9)
L

[ <o

»0,pt2

8. Energy-Conversion Terms

The first two energy-conversion terms in the thermodynamic energy
equations (see Table 3.3) do not require horizontal finite-difference
expressions. They are evaluated at v points in subroutine COM’ 1 (steps
4560 to 4660) from the equations

L9
P\ O * 9., « 1/T1,00 . T3,00\:
[(“‘) 7 S *Po02| % * % )Se0 (3-80)
2,00 P1,00 P3,00
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T
gar am\ | 72,00 (3n
(f ac) °2"00 5, oo (at)oo (3.81)
P 2,00 ’

vhere § and 3N/3t are avaluated at points using Eqs. (3.36) to (3.41),
and the pressure at level £ is given by

Py = Pp + o,m (3.82)

In Eq. (3.80) the definition

- K
0
oy o1, (n)

has been used to eliminate the potential temperature, and in Eq. (3.81)

the equation of state in the form

has been used to eliminate the specific volume.
The remaining energy-conversion terms at the level 2 are evaluated

from the expression

: * | 54
"J—"l (u* .3_1 + v* 2.:'—) - 1— _1- [('J’lu ﬁ)
c Ix y c_ 2 ax 2. -10
i,00 P ’
* * %
+ (oau %1) + (oav %1) + (oav %1) ] (3.83)
X 4,10 Y 1,0-1 Yoz,01

where m-centered notation has been used, and where
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* 3 B}
(°““ 5?)2 0 (47,0 ¥ 00 [(OaM) ) 00 * (cam), 00172

( N

0
n,u +n .u
12,411 : -1°8,41-1 1f MRCH = 1 o 2
No
X < (nluz’ ) 1f MRCH = 3 (3.84)
No
(n-luz,tl-l) if MRCH = 4
o = Gy, ¥ 1) [(00p), . + (cam). . 1/2
3y ) “Tos2 * Moo’ 10990y g4p + (vam), 49
2,0+1
(P10 TV o
2
X <’ MYy 141 1f MRCH = 3 (3.85)
[ P1Y,-101 1f MRCH = 4
In Eq. (3.84), ) = denotes the zonal smoothing routine in subrou-

tine AVRX(K) (see Chapter III, Subsection C.1).

9. Horizontal Advection of Moisture

As discussed in Chapter II, moisture is carried only at the level
2 = 3. Furthermore, the moisture is considered to be advected by the
average wind in the layer between 2 = 3 and the surface. By linear ex-
trapolation to the surface of the winds at levels ¢ = 1 and £ = 3, the
average pressure-area-weighted wind in this layer is given by the

equations
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* *
Bgt U s w1 ow
2 P |
(3.86)
* *
V3tV 5 o4 1o
g Ve S V]

Using Eqs. (3.86) for the advecting wind, the expressions for the west/
east and south/north moisture advection at m points outside the poles

ar2 given in m-centered notation by

1 [ -2l - (), (09), )
R R\ URE IR [ FYPYS ANh ) PP b -

1
]
p——
E—
L0
(%]
c
-
s
W
-
=
o
—
L0
(%]
c
[
s
W
-
]
=
(=]
e—
~~
W
o]
~J
S’

and

e~
|y
<
p——
W
——
&Hln
<
w »
1
&l
<
- %
S
—)
N— et
W
-
(=]
o
[ ]
&|n

(), - (e5%), .

1 l(q v*) ( *) ] (3.88)
T - q v .
YA Y500 V315 0

Physically the moisture parameter q is a non-negative quantity.

Therefore, the fluxes <q3u;) » etc. on the right-hand sides of Eqs.
3,01
(3.87) and (3.88) must be defined in such a way that when a grid cell

becomes "dry," advection to neighboring cells will be prevented. With
this restriction, the moisture fluxes in 7-centered notation are given

by
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(0 if + -10
(23,00 * 23,50) < 10
u >0
3,10
Gy 93,00 < 93,20 * | ¥
33910 Y310 93,007 “1,20 < °
e - Wy 030093,20 = ’ (3.89)
(a5u)) “ 10 93,00 * 93,20 *
3,10 ' u <0
, L o, and | 3110
3,00 ~ 93,20 Y
Y1,10
93,00 * 9
—‘—2—3‘-2—9 otherwise
\
5 e ¢ + ) < 10710
2,00 ¥ 93,0-2
* . 0
u
3,-10
( ut) R q'!.-Z() < q'!,OO and u‘ <o
3% uy 94 00%7 - 1,-10
sl 908 L 93,009,000 a
* * SAG 7 if or (3' 0)
(“3“1) Y 10 3,00 13,220 *
3,-10 ' N g [9-10 7 0
93,-20 7 93,00 * . §
Y1,-10
93,00 * 93,-20
2 otherwise
{
r -10
0
L (ay00 * 9y.0p) < 10
* >0
v
3,01
(@) . 93,00 © 93,07 nd R
BRI IS G STV B DR L W I 1,01 3.91
» * ¢ ¥ on (3.91)
(q.v,) v 93,00 7 13,02 *
1 o 1,01 J J iy <0
1] »
93,00 ~ 94,07 20d -
V1,01
93 np * 9
1,00 3 3,02 otherwise
{ 3
( -10
0 1 (ay 99 * 9y ,9-9) - 10
v >0
1,0-1
(v S 93,0-2 7 93,00 20 | o <o
WYy, 1,0-1 95 097 nn 1,0-1
1,0-1 o * M 5 - 3,0073,0-2 if or (3 92)
* “ .
(qa,v)) Vi,0-1 93,00 * 91,0-2 »
1,0-1 Vyn-1 <0
3 > and '
93,0-2 7 93,00 2 T
1,0-1
q +q, .
Dapn * Bt s
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In the polar caps only the south/north advection terms given by
Eq. (3.88) contribute to the advection of moisture. 1In m-centered

polar notai{on, Eq. (3.88) at the South Pole becomes

g%[%(% 5= 5 v;)” 3,01 %(q3v;)3

and at the North Pole

(3.93)

i)
4\'373 3,0,p+1

»0,p+1

1 * 5 * *
TR N 1ot (3,96
3,07 3,0,p-1 3,0,p-1

W »

(‘i—y ["3(% "

where the fluxes on the right-hand side of Eq. (3.93) are given by Eq.
(3.91) and those on the right-hand side of Eq. (3.94) are given by
Eq. (3.92),

10. Horizontally Differenced Friction Terms

The friction terms F;’y and Fg’y appearing in the equations of

motion (2.27) to (2.30) are given in horizontally differenced form in

u,v notation by

u =2
F1,00 = "BE(Yy 50 = U3 g0) (7g0) (3.95)
y - _ u -2
F1,00 ™ "B8(¥) 50 = V3 0) (Tg) (3.96)
FX = 28(u -u ) (n )-2
3,00 1,00 ~ 3,00 (Moo
u
" +p
_ 25_ ¢, _Q.Qu__l"_ (IV '" + c) 0.7y, 40 (3.97)
RT 8100 ’

00 4,00
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y - _ u -2
F3,00 = 88 g9 = V3 gg) (Tog)

(n
- 28 _00—__
2 q, (,V , )(0.7)v4’00 (3.98)
00 RT, 00

These forms rest upon the approximation of the height difference
(z1 -z ) in Eq. (2.36) by Az(n/ﬂ ), where Az(= 5400 m) and n (- 200 mb)

are standard values of (z, - z ) and T, respectively. The coefficient

1
B thus becomes 8 = ZﬂSU(Az) 1, and is taken as 0.13 mb2 sec m-l, corre-
sponding to u = 0,44 mb sec.

In Eqs. (3.97) and (3.98) the surface wind speed ’Vs,ﬂ is given

(in u,v notation) by

,Vs,go - .1.( ,v !2 ’v ’02 ’v ’_22>1/2 (3.99)

where Vs = 0.7,34, and where V = = v -3 V = (u4,v4) is the wind

extrapolated to level 4. Here the subscripts refer to the u,v grid
(see Fig. 3.7). The gustiness term is given by the constant G =

2.0m sec-l. The surface drag coefficlent is given by the relations

min [(1.0 + 0.07’68," )10'3, o.oozs] , 1f scean
00

C. = (3.100)
0.002 + 0.006(24/5000 m), otherwise

where z, is the elevation of the surface of the ground. !lence C

varies between 0.001 and 0.0025 over the ocean, while over either bare
land or ice, CD is independent of the wind speed and varies between
0.002 over lowlands and sea ice to about 0.007 over the higher moun-
tains. This increase of the drag coefficient with z, 1s an attempt to
simulate the increased roughness or ruggedness of the terrain in higher

elevations, as suggested by the work of Cressman (1960).
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As elsewhere in this section, the subscript 00 (in u,v-centered
notation) denotes an arbitrary point of the u,v grid, and the super-
script u denotes the average of the four surrounding points of the

7 (or primary) grid. Hence
(3.101)

recalling that the m grid is displaced upward and to the left of the
u,v grid (see Fig. 3.2). The factor (ﬂgo + pT)(RTZ,OO)—l in Eqs. (3.97)
and (3.98) is thus the surface air density Py This averaging serves
to "center" the pressure and temperature on the local velocity point.

Note, however, that 'VS," also involves a 4-point averaging; although
00

this is unnecessary for a point of the u,v grid, it i1s consistent with
the calculation of the surface evaporation and sensible heat flux at
points of the m grid (where averaging over velocity points 7s necessary).
In the program the frictional terms (3.95) to (3.98) are computed
every fifth time step as part of the COMP 3 subroutine (instructions
9700 to 9920), and directly give the frictionally induced speed change
inm sec-1 for the 5At = 30 min interval. The factor I in Eqs. (2.27) to
(2.30) 1s effectively divided out in the finite-difference computations.

11, Moisture-Source Terms

The source term 2mng(E - C) in the moisture equation (2.35) may

be written in differenced form as

2mng(E - C) = 2(mn)oog(1-: - 0o

i
00

= o571 (8a) - (8q) - (8q,) - (8q.) (3.102)
J4t g 31s 3 em Y ep .

where the subscript 00 denotes (in m-centered notation) an arbitrary
point of the m grid (see Fig. 3.6). This source computation is carried

out for level 3 every five time steps in subroutine COMP 3, instructions
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11300 to 11310. Here the level-3 moisture change (in 5At) due to

evaporation is given by

<28 g
m

OSAt (3.103)
, 00 00

(Aq3)E 0

according to Eq. (2.111), where EOO is the local evaporation rate 1t-
self. The level-3 moisture change due to large~scale condensation is

given by

c

(8q,) = £ (a1,) (3.104)
¥1s,00 L 3 Ls, 00

where (AT is the local temperature change (over 5At) at level 3

)
3 LS
due to the large-scale latent-heat release, as given by Eq. (2.47).

The level-3 moisture change due to middle-level convection is given by

c
(8q,) = & | 1) + (aTy) (3.105)
M, 00 CM, 00 M, 00
where (ATl) and (AT3) are the temperature changes (over 5At)
M, 00 CM,00

at levels 1 and 3 due to the latent-heat release in middle-level con-
vective condensation, as given by Eqs. (2.73) and (2.74), respectively,

Finally, the moisture change at level 3 due to penetrating convection

is given by
c
(895 = & [ (et + (a1,) (3.106)
CP,00 CP,00 CP,00
where (ATl) and (AT3) are the temperature changes (over 5At)
CP,00 cP, 00

at levels 1 and 3 due to the release of latent heat in penetrating con-

vective condensation, as given by Eqs. (2.101) and (2.102), respectively.
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The three moisture-change terms, Eqs. (3.104) to (3.106), col-
lectively constitute the total moisture sink due to condensation,

which we may then write as

[(Aq3) + (Aq3) + (Aq3) ] - 28 C..5At (3.107)
S ™ CP

b 00
L 00 00

in analogy with (3.103) for the evaporation. Since all condensed water
vapor is assumed to fall out as precipitation, we may also rewrite
Eq. (3.107) in the form

= (P, +P, +P

st Poy * Pep) (3.108)

00 00

where PLS’ PCM’ and PCP are the precipitation rates resulting from
large-scale condensation, middle-level convection, and penetrating con-

vection, as given by Eqs. (2.50), (2.76), and (2.107), respectively.

12. Diabatic Heating Terms

The heating terms Hﬁllcp and Hl'{3/cp in Eqs. (2.31) and (2.32) may

be written in differenced form as

ROOHl,OO/cp (3.109)

HOOHB,OO/cp (3.110)

where the subscript 00 (in n-centered notation) denotes an arbitrary
point of the m grid. These terms are computed every fifth time step

in the subroutine COMP 3. Here the diabatic heating rates at levels 1

and 3 are given by
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-1. J,f 3
(c.) 'H = (A, + R, - R,) [—=E_
P 1,00 1 2 0" g \{rmcp)
+ [(ATl) + (ATl) ] /SAt (3.111)
cM cplyy,

_lo 2 2
(c.) 'H = (A, +R -R) (—E) +7r —=B_
P 3,00 3 4 2 00 <ﬂ00cp 00 "OOCp

+ [(AT3) +(AT3) +(AT3) ] /SAt (3.112)
M CP Lsly,

according to Eqs. (2.173) and (2.174), where Al and A3 are the net short-

wave radiation absorbed at levels 1 and 3, and R2 - R0 and R4 = R2 are
the net long-wave radiation absorbed at the two levels. These terms in
Eqs. (3.111) and (3.112) therefore constitute the radiative portions of
the diabatic heating. The lower-level heating also contains a contri-
00° The

terms in (ATl) and (AT3) are the temperature changes due to convective

bution from the vertical sensible heat flux from the surface T

effects, with the subscript CM denoting midlevel convection and CP de-
noting penetrating or deep convection. Together with the term in the
level-3 temperature change due to large-scale condensation, LS, these
terms constitute the portions of the diabatic heating due to the release
of the latent heat of condensation, as considered in Eqs. (3.104) to
(3.106). The total diabatic heating is illustrated in Map 8, Chapter IV.

D. SMOOTHING

Aside from the smoothing built into the time finite-difference ap-
proximations themselves, relatively little explicit smoothing is per-
formed in the present version of the program. The subroutine AVRX(K),
which performs a three-point ronal averaging, is employed in the main

subroutines COMP 1 and COMP 2 principally for the mass-flux variables
* *
uy and u,, as described in Subsection C.1 above. The only other use
L
1 E]

of AVRX(K) is with the zonal-pressure force terms (ﬂ —— + o_.na —I-)
36 3x 171 5x

3 am
and (w . + 0,ma, 3;) in the momentum equations, as described in
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Subsection C.6 above. The effect of the use of subroutine AVRX(K) is
to introduce a multiple-point zonal difference for higher latitudes
to help avoid computational instability; the variables such as u: are
not themselves smoothed.

This selective zonal averaging subroutine is called every time
step, with the number of smocthing passes made at each step (as well
as the smoothing weighting factor) increasing with latitude. Denot-
ing () the smoothed value of a variable ( ), the zonal smoothing
subroutine AVRX(K) may be described by

(o = 20 g0 ¥ Q- Do + 250 ),

where the subscripts denote identity points in the (i,j) grid array,

and where the weighting or smoothing factor ), is given by

0
‘ 0, for No <1
AL =

0
l [1/8(ne/m0 - 1)]/No, for Ny 2 1

Here n, is the latitudinal separation of grid points at the equator,

m, is the longitudinal separation of 7 points at the latitude of the

0

smoothing, and N, is the integer part of (ne/mo). The smoothing is

0
applied No times at each latitude, as shown in Table 3.7. Note that
the number of applications of the smoothing operator increases from
zero between the equator and 234 deg latitude to 11 near the poles.

The strength of the smoothing as given by A. 1s also seen to vary with

0
latitude.

An explicit smoothing occurs in the subroutine COMP 3, where the
heating rates ﬁl and ﬁ3 for the two model layers [as in Eqs. (2.31)
and (2.32)] are first averaged together, area weighted, and then sub-
jected to a 9-point horizontal averaging prior to their final incor-
poration into the temperature-change computation at each level. This
smoothing 1s described as part of the subroutine COMP 3 (see Chap-

ter II, Subsection G.4).
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Table 3.7
SMOOTHING PARAMETERS USED IN SUBROUTINE AVRX(K)
Here XO is the three-point smoothing weighting

factor [as in Eq. (3.27)] and NO is the number of
times the smoothing is repeated at each latitude.

, deg No 2o
(LAT) (NM) (ALPHA)
-34 to +34 0 0
+38 1 1.90 x 1072
42 1 9.56 x 1073
+46 1 1.90 x 1072
£50 1 3.06 x 1072
454 1 4.51 x 1072
+58 1 6.37 » 107
+62 1 8.80 x 1072
+66 1 1.21 x 107}
+70 2 8.37 x 1072
74 2 1.19 x 107t
+78 3 1.19 x 1071
+82 5 1.19 x 107!
+86 11 1.19 x 1071
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The remaining smoothing operations are performed on the lapse
rate in the subroutine COMP 4, which is called every 5 time steps.

Here the temperature at levels 1 and 3 is smoothed according to

1 L =
T1 =3 (T3 + Tl) - n[TD + 78 (TD - TD)]) (3.113)
1 i —
T3 =ay (T3 + Tl) + n[TD + 78 (TD - TD)] (3.114)

where the temperature difference (or lapse rate) TD 1s given by

T, - T
D = %(—3———1—) (3.115)

and () denotes the 9-point horizontal average about a point 00 of the

m grid, given in m-centered notation by

= _1
TDyp = Tg (TD_,, + 2TDy, + TD,, + 2ID_,  + 4TDy

+ 2D, + TD_, , + 2ID, , + TD, ,) (3.116)

Since the first terms of Eqs. (3.113) and (3.114) are a form of vertical
averaging, this subroutine may be regarded as a three~dinensional smooth~-
ing operation, wherein the temperature at levels 1 and 3 is altered in
proportion to the departure of the local lapse rate from the 9-point av-
eraged lapse rate. If TD = Tﬁ, for example, T1 and T3 remain unaltered
by this smoothing. Viewed in another fashion, from Eqs. (3.113) and

(3.114) we have

1 —
T TDsmoothed = TD + %8 (TD - TD) (3.117)

and the averaging may be regarded as a local smoothing of the lapse

rate.
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Another part of the subroutine COMP 4 (instructions 12270 to
12680) provides for the smoothing of the local valocity change through
the simulation of a horizontal diffusion of mom:ntum. This portion
is omitted in the present version of the code through the assignment

of a zero lateral-diffusion coefficient.

E. GLOBAL MASS CONSERVATION

Although the continuity equation (2.33) is solved at each (mass)
point of the grid at each time step (see Chapter III, Subsection C.2),
a small loss of mass over the globe still occurs because of the trun-
cation cause:! by the retention of at most 7 decimal digits in the
single-precision calculation (which does not round) of the surface
pressure on the IBM 360/91 computet.L Over the globe this amounts to
approxir.ately a 0.0028 percent (2.8 ~ 10-5) loss of mass per day of
simulated time. To correct for this effect, the subroutine GMP is
used once every 24 hours; in GMP the local value of the surface pres-
sure parameter, 7, is increaced (at every point) by the amount
984 mb - ;;, where B; {s the global average surface pressure determined
each day (as the sum of the global average of the current = distributfon
and the constant tropopause pressure Pr *® 200 mb)., Here the censtant
984 mb is used to represent the observed global average surface pres-
sure, and is read into the program as the loaded constant PSF. In
the present version of the program this correction at each =-grid point

thus amounts to approximately 0,028 mb per day.

F. CONSTANTS AND PARAMETERS

1. Numerical Data List

Although a number of the constants and parameters used in the mod-
el integration are given elsewhere [see particularly the chapters on
model performance (IV), the list of symbols (VI), and the FORTRAN dic-

tionary (VIII)], it is useful to collect them here for easy reference.

.Presumnbly thia loss would be reduced by the use of double-pre-
cision arithmetic.
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Those symbols with an asterisk (*) are defined within the subroutines
COMP 3 or INPUT, with the others loaded via data cards (see Chapter 1V,

Section A).

Constant Symbol Value and Units

ratio of latent heat of conden-
sation to specific heat at

constant pressure, L/cp cLu”’ 580/0.24 deg
length of day DAY 86,400 sec
days per year DAYPYR* 365 days
maximum solar declination DECMAX* 23,57/180 radians
north/south grid-point spacing DLAT 4 deg
east/west grid-point spacing DLﬁN* 2n/IM radians (= 5 deg)
time step, At DT* 360 sec
time step, At DTM 6 min
standard value of vertical 2 -1
eddy mixing coefficient ED 10 m" sec
gravity, g GRAV 9.81 m sec”?
vertical shear-stress
coefficient (x 107) X 0.2 sec”!
grid points in meridional
direction JM 46
grid points in 2zonal
direction IM 72
thermodynamic ratio, « KAPA 0.286
frequency of source-term
calculation NC3 5 (every 30 min)
average surface pressure PSF 984 mb
standard sea-level pressure PSL 1000 mb

tropopause pressure, Pp PTR@P 200 mb
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Constant Symbol Value and Units

earth's radius, a RAD 6.3750 x 106 m

dry-air gas constant, R RGAS 287.0 m2 deg_1 sec-2

solar rotation period RGTPER* 24 hr

upper model level, o, stc(1)” 0.25

lower model level, Oq SIG(Z)* 0.75

solar constant (normalized) Sﬁ* 2880 1y day-1 (= 2 1y min-l)
freezing temperature TICE* 273.1 deg K

2. Geographical Finite-Difference Grid

The specific geographical position of the points of the 46 by 72
grid is shown in Fig. 3.12. Here the grid points of the primary or
7 grid are given over the oceans every 4 deg latitude and 5 deg longi-
tude, together with the outlines of the continents and islands re-
solved by the interlocking points of the u,v grid. The left-hand and
right-hand colums of grid points are at 180 deg longitude; the top
and bottom rows are at the North and South Poles, respectively, with
the latitude identification on the right of the figure. The finite-
difference indices i and j are shown on the bottom and left side of
the figure, respectively. This map is on the same scale as that used
to show the land elevations and sea-surface temperatures in Figs. 3.13
and 3.14, and is the same as that used for the selected variables pro-

duced by the map-generation program in the figures of Chapter 1V,

3. Surface Topography (Elevation, Sea-Surface
Temperature, Ice, and Snow Cover)

During the course of a numerical simulation, the land surface
elevation and the ocean surface temperature are held fixed, and thus
serve as physical surface boundarv conditions. Although these data
may conceivably be changed from one simulation to another, their
normal distributions are shown in Figs. 3.13 and 3.14 in the form of

the programmed Map 5 output (see Map Routine Listing, Chapter VII), and
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ft and the 3000-ft

ice-covered land.

» with isolines every 103

ol T denotes

a themselves are given in Table 3.8.

Fig. 3.13 —- The distribution of surface elevation

The grid-point

The overprinted svmb

contour dashed.
elevation dat



~11i-

*0T°¢ 2T9el ur uaaIl a1e S9A[dswWaY3 eviep aanjeviadwasg
=991 S230uU’dp | Toquis poijuradiano ayl
TTOST yatm ‘aanjeaadwsy aoejans

jurod-pra8 syl -ueado p3aanod

*POUSEDP wIayl0sT
3,0 @243 pue ) 8op 7 KLi19a3 sau

—¥9S 30 UOIINQTIISIp Ayl —- wi-¢ -S1g
‘06~




-117-

the corresponding global grid-point values are given every 5 deg longi-
tude and 4 deg latitude (at the points of the 7 grid) in the tabula-
tion following the maps.

The land elevations shown in Fig. 3.13 are based upon the values
at points of the 4 deg latitude, 5 deg longitude grid (see data tabu-
lation), which were themselves obtained from the subjective interpola-
tion of topographic maps. These data resemble (but are not identical
to) the data given by Berkofsky and Bertoni (1955), and are tabulated
in Table 3.8. 1In Fig. 3.13 the overprinted symbol I designates those
grid points at which the land 1s ice covered; in the data tabulation,
the elevation of these points is given separately in Table 3.9, where
0 denotes the locations of sea ice. In the present version of the
model, the ice-covered points are not permitted to change their sur-
face cover during the course of the simulation.

The ocean surface temperatures shown in Fig. 3.14 are based upon
the values at points of the 4 deg latitude, 5 deg longitude grid (see
data tabulation) which were obtained from the average annual sea-sur-
face temperature data given by Dietrich (1963). These data resemble
(but are not identical to) the mean of the average February and August
distributions given by Sverdrup (1943), and are tabulated in Table 3.10.
In Fig. 3.14 the overprinted symbol I here designates those m-grid
points at which sea ice 1s prescribed (and held intact throughout the
simulation); in the data tabulation these sea-ice points may be iden-
tified by the assigned constant temperature O deg C (see Table 3.9).
Because the ocean's surface temperature is not allowed to change, even
though there are evaporation, radiative transfer, and sensible-heat
fluxes at the surface, the ocean has effectively been assumed to be of
infinite thermal capacity. The surface temperatures of the sea ice,
land ice, snow-covered land, and bare land, on the other hand, are
allowed to change, and are separately computed (see COMP 3 in the Pro-
gram Listing, Chapter VII).

All land grid points north of a seasonally varying northern snow-
line (SN@WN) are considered to be snow covered. Snow does not cover
either ice-covered land or sea ice. The northern snowline has a 15-deg

sinusoidal seasonal variation around 60 deg north latitude given by
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SNPWN = 60 deg - 15 deg cos [%’3 (day - 24.6)]

where ''day" is the number of the day of the year, with day O correspond-
ing to 1 January. A constant southern snowline (SN@WS) is defined at

60 deg south latitude. Although the value of this southern snowl ine

is required by the program for the surface-albedo calculation (see
Chapter III, Section H), it actually has no function in defining snow

cover, since all land south of 60 deg 1s permanently ice covered (see
Fig., 3.13),
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Table 3.8
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Table 3.8 (cont.)
FLEVATION (100 FT)
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Table 3.8 (cont.)

LAND ELEVATION (100 FT)
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Table 3.9 (cont.)
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Table 3.9 (cont,)
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IV. MODEL PERFORMANCE

A. OPERATING CHARACTERISTICS

l. Integration Program

The Mintz-Arakawa two-level model is written in IBM FORTRAN IV
(see program listing, Chapter VII). The core size, central processing
unit (CPU) time, and the input/output (I/0) requirements are based
on experience with the FORTRAN H compiler on an IBM 360/91 at UCLA for
a 46-by-72 array. The model uses about 400,000 bytes of core memory,
and each simulated day requires about 25 minutes of CPU time and about
1000 I/0 requests. All calculations are performed with single-precision
arithmetic.

The program in its present form 1s expected to start from nonzero
initial data, and the history-restart tape is used to provide the ini-
tial values for continuing the calculations. The time to restart is
specified by the parameters TAUID and TAUIH (see the control-card se-
quence below). The tape is read until the last record is reached or
until TAU from tape (expressed in hours) is less than or equal to
TAUIH + 24+TAUID. If the last record on the tape (identified by ~TAU)
is reached before the specified time to restart, the last set of data
will be used. This allows automatic continuation of the calculation
from the last time data were stored on the tape.

The input parameters TRST and TERM control the disposition of the
old and new sets of data. If TRST = 0, the newly computed data will
be written on the old hist ‘y-restart tape as if no interruption had
occurred; otherwise, the new data are written at the beginning of a
different tape. If TRST # 0, the parameter TERM determines whether
the old history-restart tape is to be terminated after the restart data
are read from it. If TERM = 0, the old tape is not terminated. The
data-set reference number of the tape to be written is always 11. 1If
TRST # 0, the initial data is read from data-set reference number 10.

Various control parameters and constants in the program are read

from cards, although several of the parameters that are read in the
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model's present version no longer influence the program. The topography
deck following card number fourteen (MARK) is read only if a change is
desired in sea-surface temperature, land elevation, or the assigned
distribution of ice. All numerical values follow the standard FORTRAN
convention except KAPA, which is a real number. Only the constants
NCYCLE, NC3, JM, IM, MARK, LDAY, LYR, and the sequence numbers in the
topography deck are in integer format. The control-card sequence and

layout are as follows:

Card Card
Number Name Columns Units Description

1 ID 1-4 = Four-character identifier

1 XLABL 5-40 o= Thirty-six-character identifier

2 TAUID 1-10 day Day to start Brasltind s

2 TAUIH 11-20 hour Hour to start; e e

2 TRST 21-30 - Output-tape control parameter} see re-
start

2 TERM 31-40 -- Output-tape control parameter procedure

3 TAUO 1-10 == Not used

3 TAUD 11-20 hour Frequency to recompute solar

declination
3 TAUH 21-30 hour Frequency to write history-restart
tape

3 TAUE 31-40 day Time to stop computation

3 TAUC 41-50 - Not used

4 DTM 1-10 min Time step

4 NCYCLE 11-15 IS(l) Time extrapolation control parameter

4 NC3 16-20 180 Frequency to call COMP 4 and coMP 3

5 JM 1-5 -- Number of N-S grid points (in n grid)

5 IM 6-10 - Number of E-W grid points (in = grid)

5 DLAT 11-20 deg Distance between N-S grid points

6 AX 1-10 - Diffusion coefficient (not used)

(1)

The IS unit is one integration time step.
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Card Card
Number Name Columns Units
7 MX =16 10 “sec -
7 ED 11-20 m
7 TCNV 21-30 sec
8 RAD 1-10 km
8 GRAV 11-20 m sec
8 DAY 21-30 hour
9 RGAS  1-10 nmldegl,
sec
9 KAPA 11-20 -
10 PSL 1-10 mb
10 PTRgP 11-20 mb
11 PSF 1-10 mbh
12 DLIC 1-10 -
13 KSET 1-10 _
14 MARK 1-3 -
15-376  Topography Deck --
377 CLKSW 1-4 -
377 RSETSW 11-14 --
377 LDAY 21-23 day
377 LYR 31-34 year

Description

Shear-stress coefficient

Constant used in air/ground
interaction

Relaxation time for cumulus con-
vection

Earth radius, a
Gravitational acceleration, g
Length of day

Gas constant, R

Thermodynamic coefficient, «
Sea-level pressure
Tropospheric pressure, Pr
Surface pressure, Py

Not used

Not used

Flag indicating presence of topog-
raphy deck (sea-surface temper-
ature and land elevation) and
number of sets of cards to be
read. In 46-by-72 grid version,
MARK = 72,

see description below.

If the characters @FF are puached
in columns 1 to 3 with coiumn 4
blank, the solar declination will
remain fixed.

If the characters RESE are punched
in columns 1 to 4, the day and
year counters (SDEDY and SDEYR)
will be set to LDAY and LYR,

Day of year if time is reset

Year if time is reset

The topography deck is read only if MARK # 0. The deck contains

2 + 5 + MARK cards and is read in subroutine INIT 2. The topography

deck card layout is as follows:



Number

of Cards

3-MARK

2*MARK

Name

TEMSCL

Sea-surface
temperature

HSCL

Land
elevation
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Descrigtion

Four characters in columns 1 to 4. Indicates

temperature scale of sea-surface tempera-
ture: FAHR = Fahrenheit, CENT = centigrade.

'MARK' 1s the number of three-card sets that

define the ocean temperature for each
longitude, beginning at the south pole and
extending north. For the 46-by-72 grid,
the numbers each take four columns (a deci-
mal point is implicit between the third

and fourth columns), with fifteen numbers
on the first and second cards and sixteen
numbers on the third card. The longitude
grid number (1 = 1-72) is 1in columns 79
and 80 of each card of a set, and must be
sequential. Special numbers indicate points
that are not open ocean: -640 for land
without 1ce, and -960 for land ice or sea
ice.

Four characters 1in columns 1 to 4. Indicates

distance scale of land elevation: FEET =
feet/100, METE = meters/10.

'MARK' 1s here the number of two-card sets

that define the land elevation for each
longitude, beginning at the south pole and
extending north. For the 46-by-72 grid,
the numbers each take three columns (a deci-
mal point is implicit following the third
column), with twenty-five numbers on the
first card and twenty-one numbers on the
second card. The longitude grid number

(1 = 1-72) 1s in columns 79 and 80 of

each card of a set, and must be sequential.
The elevations must be in either hundreds
of feet or tens of meters. The entries in
this deck corresponding to sea surface must
be zero or blank.

The principal output of the model {is written on magnetic tape, and

a history-restart tape is written at specified intervals. Eighteen

logical records are written with a frequency of TAUH: TAU and c, P, U,
v, T, Q3, T@PgG, PT, OW, TS, GT, SN, TT, Q3T, Sb, H, TD, -TAU and C.

These arrays contain all constants and current variables, and in addi-

tion, several arrays of packed data generated in subroutine COMP 3, [Note
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that TS is equivalent to UT(1,1,2) and SN is equivalent to VT(1,1,2)

in the data from subroutine COMP 3.]+ In the present version of the
model these records are written on tape every 6 hours (= TAUH). The
last logical record (-TAU,C) is identified as the last record written
on the tape, and will be written over the next time the tape is written;
hence, only seventeen records are saved every TAUH. A test is made
before writing the tape to determine if it is properly positioned.
About sixty sets of seventeen logical records can be saved on a 2400-ft
reel of tape. The automatically printed output consists of the input
parameters, the time at each integration step, and the amount of pres-
sure added at each grid point every twenty-four hours of simulated

time in the subroutine GMP.

2. Map-Generation Program

The map-generation program for use with the model uses about
520,000 bytes of core, and averages about 0.2 seconds of CPU time and
about 5 I/0 requests for each map generated. This program reads the
data produced by the model and processes them to form arrays of data
in map form. The source of the basic data may be tape or disk.

The tape input format is the same as the tape output from the
model: TAU and C, P, U, V, T, Q3, T@¢P@G, PT, GW, TS, GT, SN, TT, Q3T,
SD, H, TD. The first logical record on a disk is always T@PPG, which
does not change during a run. The subsequent logical records for each
time step that was saved are TAU and ¢, P, U, v, T, Q3, PT, GW, TS, GT,
SN, TT, Q3T, SD.

The card input to the map-generation program consists of an in-
terval and data-source control card, followed by as many as ninety-nine
map selection cards. The end of the map selection card deck is indi-
cated by a blank card. The interval and data-source control card con-
tains T# (the time, in days, to start generating the map arrays), TEND
(the time, in days, to stop generating the map arrays), and TAPIN (the

data-source indicator). The card layout is as follows:

1

"Some arrays may be referred to by different names. For example,
Q(J,I,K) contains m, Ul, U3, V1, V3, T1, T3, and Q3 for K = 1 through
8. See the common and equivalence block in Chapter VII for more detail.
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Card
Parameter Columns
™ 1-10
TEND 11-20
TAPIN 21-24

The desired maps will be generated for TP, TEND, and for each inter-
mediate time available from the data source. If the characters TAPE
are punched in columns 21 to 24 (TAPIN), the data source is a tape;
otherwise the source is assumed to be a disk.

The map selection cards contain MAPNP (the map number) and SURF
(the o surface, < 2.0, or the pressure level, in millibars, at which

the map is to be calculated). The card layout is as follows:

Card
Parameter Columns
MAPN@ 1-2
SURF 3-12

Some values of SURF are not valid for certain maps, and in some cases

the following convention has been used:

topography maps: SURF < 2.0 for ocean temperature
SURF 2 2.0 for surface elevation
cloudiness maps: SURF < 0.5 for high cloudiness
SURF = 1.0 for low cloudiness
0.5 < SURF # 1.0 for middle cloudiness
SURF > 1.0 for cloudiness (maximum)

The processed data representing each requested map array are
written on tape along with various other data, and the tape may be
used for further processing and map displ.ys. The map array is dimen-
sioned (M, IM), where JM is the total number of north/south grid points
and IM is the total number of east/west grid points. One logical
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record 1s written for each map, and contains the following data:

Name and

Dimension Description

TAU (1) Time in hours

ID (1) Four-character identification from the model

MAPNG (1) Map number

NAME (13) Map title

SURF (1) Sigma surface or pressure level for which the map
is generated

STAGI (1)} Logical variables indicating whether the maps are

STAGJ (1) staggered (offset) in the I and J directions

SINT (1) Not used in the present version

WORK2 (JM, IM) Map array

M (JM) Zonal mean

ZM2 (JM) Zonal mean, excluding points on land or ice

MM (1) Global mean

The printed output consists of the input parameters, along with the map
time, number, surface or level, and map title of each record as written

on the tape.

B. SAMPLE MODEL OUTPUT

1. Maps of Selected Variavles

To i1llustrate the general nature and structure of the solutions
of the circulation model, a series of programmed map outputs for
selected variables has been developed (sce Map Routine Listing in
Chapter VII). Presented here are samples of this output for the pri-
mary dependent variables Pgs Ypo Ugs Vs vj, Tl‘ T3, and q3 (as repre-
sented by the relative humidity), and for the geopotential heights.

A selection of variables related to the heat and water balance in the
model layers and at the surface is also given. These data are for

day 400 (28 January, hour O GMT) of a basfc or control simulation of
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northern-hemisphere winter, with the program as listed in Chapter VII
and with the fixed sea-surface temperature and ice distributions as
shown in Chapter III.

For each of the maps shown below, a brief identification and
description of the mapped quantity is given on the facing page, while
the values of the minimum and dashed isolines and of the isoline inter-
val are given at the upper right of each map's label. The symbols H
and L designate locations of local maxima and minima, respectively,
that are not resolved by the selected isoline interval. A rectangular
map representation of the spherical grid has been used for convenience,
with the points of the n grid and continental outlines shown as in
Fig. 3.12. For each map the designation S/P denotes the o level of
the map, with S/P = 1 for those maps without a level designation as
well as for the surface. The velocity, temperature, and geopotential
heights may be generated for any 0 < 0 <1 by extrapoiation and in-
terpolation from the solutions at o = 1/4 and ¢ = 3/4, and may also
be displayed for any pressure surface Pp <P <P (see Map Routine
Listing, Chapter VII). The complete list of available maps is given
in Chapter VII just before the map code listings

Those maps listed in Table 4.1 are given in o coordinates, with
the exception of the geopotential height in Map 6, which is given for

both o and p surfaces.
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Table 4.1

LIST OF MAPS OF SELECTED VARIABLES

Map Title
1 Smoothed sea-level pressure (o = 1)
2 Zonal (west/east) wind component (o = 1/4, 3/4)
3 Meridional (south/north) wind component (o = 1/4, 3/4)
4 Temperature (o = 1/4, 3/4)
6 Geopotential height (o = 1/4, 3/4; p = 400, 800 mb)
8 Total diabatic heating (o = 1/4, 3/4)
9 Large-scale precipitation rate
10 Sigma vertical velocity (o = 1/2)
11 Relative humidity (o = 3/4)
12 Precipitable water
13 Convective precipitation rate
14 Evaporation rate (o = 1)
15 Sensible heat flux (o = 1)
16 Lowest-level convection (o = 1)
19 Long-wave heating in layers (c = 0 to 1/2, 0 = 1/2 to 1)
20 Short-wave absorption (heating) in layers (c = 0 to 1/2,
o=1/2 to 1)
22 Surface short-wave absorption (o = 1)
23 Surface air temperature (o = 1)
24 Ground temperature (o = 1)
25 Ground wetness (o = 1)
26 Cloudiness (high, middle, low)
28 Total convective heating in layers (c = 0 to 1/2,
o=1/2 to 1)
29 Latent heating (o = 1/2 to 1)
30 Surface long-wave cooling (¢ = 1)

31 Surface heat balance (o = 1)
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Fig. 4.1. Smoothed Sea-Level Pressure (Map 1)

(mb - 1000 mb)

This map is calculated from the expression

A
P, exp| — ]} - 1000 mb
? RT

where Pg is the surface pressure, ¢4 is the geopotential at the ground,
R is the dry-air gas constant, and T is the average temperature between

level 4 and sea level, given by

Here T4 = % T3 = % T1 is the air temperature extrapolated to the sur-

face, g is acceleration of gravity, and y is an assumed constant lapse
rate in the hypothetical layer between the earth's surface and sea level,
taken here as y = 0.6 deg C/100 m. The resulting sea-level pressures

are then averaged over the local 9 points at which pressure is computed.

At nonpolar points this smoothing operator is

1

(o0, smoothed = 1§ [( )22 20,

*O)gp ¥ 20) 50 + 40050 + 20 )y,

* O 2005, )y

where the subscripts (in n-centered notation) refer to adjacent poiants

of the n grid (see Fig. 3.6).
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Fig. 4.2. Zonal (West/East) Wind Component (Map 2)

(m sec-l)

This map is calculated from the expression

with 0 < 0 £ 1 an arbitrary o surface. For ¢ = 1/4 and 0 = 3/4 this
reduces to the primary variables uy and ug, respectively, and for other
0 represents a linear extrapolation and interpolation of u in o (or p)
space. The zonal wind component may also be generated for an arbitrary
pressure surface p, in which case o in the above expression is replaced
by (p - pT)/(nu), where m” is the average of m at the four n points
surrounding each u,v point. The symbols E and W designate locations

of local maxima of positive (eastward) and negative (westward) zonal
wind speed, respectively, which are not resolved by the selected isoline

interval.

Level shown in map at right: o = 1/4,
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Fig. 4.3. Zonal (West/East) Wind Component (Map 2)

(m sec )

This map 1s calculated from the expression

on2u(o-3) +u(2-0))

with 0 < 0 <1 an arbitrary o surface. For o = 1/4 and g = 3/4, this
reduces to the primary variables uy and Uq, respectively, and for

other ¢ represents a linear extrapolation and interpolation of u in

o (or p) space. The zonal wind component may also be generated for

an arbitrary pressure surface p, in which case ¢ in the above expres-
sion is replaced by (p - pT)/(nu), where 1" is the average of 71 at the
four m points surrounding each u,v point. The symbols E and W designate
locations of local maxima of positive (eastward) and negative (westward)
zonal wind speed, respectively, which are not resolved by the selected

isoline interval.

Level shown in map at right: o = 3/4,
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1 (u) wind speed at -
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Fig. 4.4. Meridional (South/North) Wind Component (Map 3)

(m sec-l)

The map 1is calculated from the expression

V.Z[VB(O-%)Hl(g-o)]

with 0 €0 <1 an arbitrary o surface. For g = 1/4 and o = 3/4, this
reduces to the primary var{ables Vi and Vys respectively, and for
other o represents a linear extrapolation and interpolation of v in

o (or p) space. The meridional wind component may also be generated
for an arbitrary pressure surface p, in which case ¢ in the above
expression is replaced by (p - pT)/(nu), where 1 is the average of

m at the four 7 points surrounding each u,v point. The symbols N and
S designate locations of local maxima of positive (northward) and
negative (southward) meridional wind speed, respectively, which are

not resolved by the selected isoline interval.

Level shown in map at right: ¢ = 1/4.
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Fig., 4.5. Meridional (South/North) Wind Component (Map 3)

(m sec_l)

This map is calculated from the expression

with 0 £ 0 <1 an arbitrary o surface. For o = 1/4 and 0 = 3/4, this
reduces to the primary variables vy and Va3 respectively, and for
other ¢ represents a linear extrapolation and interpolation of v in

o (or p) space. The meridional wind component may also be generated
for an arbitrary pressure surface p, in which case o in the above
expression is replaced by (p - pT)/(nu), where 1" is the average of 1
at the four 7 points surrounding each u,v point. The symbols N and S
designate locations of local maxima of positive (northward) and nega-
tive (southward) meridional wind speed, respectively, which are not

resolved by the selected isoline interval,

Level shown in map at right: o = 3/4.
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Fig., 4.6. Temperature (Map 4)

(deg C)

This map is calculated from the expression

K
(om + pT) Tl

K K
T {x [Py - Gm+pp)]
Py = Py Py

T
3 K K
+— Lom+p)" - py] 0 - 273.1 deg

Pq

with 0 < 0 < 1 an arbitrary o surface. This represents the linear
interpolation and extrapolation of the potential temperature

0= T(po/p)K in p( space. For o = 1/4 and 0 = 3/4, this reduces to
the primary variables T1 and T3' respectively. Here Pr is the tropo-
pause pressure (= 200 mb) and x = 0.286. The temperature may also be
obtained at an arbitrary pressure surface Pp<ps= Py = " + Pr by
replacing (on + pT) in the above expression by p.

Level shown in map at right: o = 1/4.
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Fig. 4.7. Temperature (Map 4)

(deg C)

This map is calculated from the expression

(om + p.r)'< T

1 « K
R Rl LI GRS S o
Py -~ Py P
T3 K K
+ ;: [(om + PT) - p1] - 273.1 deg
3

with 0 £ 0 < 1 an arbitrary o surface. This represents the linear
interpolation and extrapolation of the potential temperature

0 = T(po/p)‘< in p( space. For 0 = 1/4 and o = 3/4, this reduces to
the primary variables Tl and T3, respectively, Here Pr is the tropo-
pause pressure (= 200 mh), and « = 0,286, The temperature may also
be obtained at an arbitrary pressure surface PpsPsp, =7 + Pr by

replacing (on + pT) in the above expression by p.

Level shown {n map at ripght: o = 3/4,
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Fig. 4.8. Geopotential Height of o Surface (Map 6)

(100 m)

This map is calculated from the expression

b+ 9,

102 g

Z =

where ¢4 is the geopotential of the earth's surface, g 1s the accelera-

tion of gravity, and where the geopotential ¢ of an arbitrary ¢ surface

is given by

2x 2k K_K K K 2k
R ‘ P, -~ Pp P3_~ Py * 2pyPy - 4@om + p)ipg + 2(om + p,)
¢=E T +
o

K K K

2x 2x K_K K_K 2x
LB [ Py = Pp Py ~ Py = 2p Py * 4(om+ pp)p) - 2(om + py) ] )
3

|

K K K
2Kp3(p3 = pl)

Here Pr is the tropopause pressure (= 200 mb), « = 0,286, and R is the
dry-air gas constant. For ¢ = 1/4 and g = 3/4, this reduces to ¢1 and
¢3, respectively, while for other o it represents a linear interpolation
and extrapolation of the potential temperature in pK space. The geo-
potential height of an arbitrary pressure surface Ppspsm+ Py may

also be obtained by replacing (ow + pT) in the above expression by p
(see Figs. 4.8a and 4.9a).

Level shown in map at right: o = 1/4.
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Fig. 4.8a., Geopotential Height of Pressure Surface (Map 6)

(100 m)
This map is calculated from the expression

b+ 9,
Z s ———

102 g
where ¢4 is the geopotential of the earth's surface, g is the accelera-

tion of gravity, and where the geopotential ¢ of an arbitrary p surface

is given by

2k 2k K_K K_K 2x
‘ [ P; = Pp P3 ~P; *+2piPy - 4ppy+ 2p ]
1

2Kp§(p§ = p;)

_ 2K _ 2 -9 K K ad K K _ 9 2K I
[ P3 pT P3 pl p1p3 p pl p ]
+ T3

$

P Ko K K
3 2kp4(p, py)

Here Py is the tropopause pressure (= 200 mb), k = 0.286, and R is the
dry-air gas constant, For P=0P and p = P3s this reduces to the height
of the 400-mb and 800-mb surfaces, respectively, while for other p it
represents a linear interpolation and extrapolation of the potential
temperature in pK space. The geopotential height of an arbitrary

o surface 0 < 0 < 1 may also be obtained by replacing p in the above

expression by (orm + pT) (see Figs. 4.8 and 4.9).
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